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Abstract

It is extremely difficult to characterize the possible behaviors of a
distributed software system through informal reasoning. Developers of
distributed systems require tools that support formal reasoning about
properties of the behaviors of their systems. These tools should be appli-
cable to designs and other pre-implementation descriptions of a system,
as well as to completed programs. Furthermore, they should not limit a
developer’s choice of development languages.

In this paper we present a basis for broadly applicable analysis meth-
ods for distributed software systems. The consirained ezpression formal-
Ism can be used with a wide variety of distributed system development
notations to give a uniform, closed-form representation of a system’s be-
havior. A collection of formal analysis techniques can then be applied
with this representation to establish properties of the system. Examples
of these formal analysis techniques appear elsewhere. Here we illustrate
the broad applicability of the constrained expression formalism. We show
how constrained expression representations are obtained from descriptions
of systems in three different notations: SDYMOL, CSP, and Petri nets.
Features of these three notations span most of the significant alternatives
for describing distributed software systems. Our examples thus offer per-



suasive evidence for the broad applicability of the constrained expression
approach.

1 Introduction

The large number and complexity of the possible interactions among the asyn-
chronous components of a distributed software system make it difficult to reason
informally about its behavior. Developers of distributed systems therefore re-
quire powerful formal techniques for analyzing their systems. Formal analysis is
important throughout the software development process, especially in the early,
pre-implementation phases when errors are most easily corrected.

Developers of distributed systems also need congenial development nota-
tions, including design and implementation languages. Different notations are
suitable at different stages of software development and features of the system
under development may also make one language more appropriate than an-
other. Software developers therefore may need to use a variety of development
notations, even on a single project.

Unfortunately, developers are often forced to choose between using formal
analysis methods and appropriate development notations. Virtually all pro-
posed analysis techniques are based on some particular notation and rely on
special features of that notation. Software developers who wish to use these
techniques then must work with a single development notation, which may not
be suitable for their immediate tasks. In addition, many of these techniques
force developers to work with sophisticated and abstract mathematical struc-
tures, rather than standard design and implementation languages.

One goal of our work has been broad applicability of analysis methods. We
are producing tools that support formal analysis methods without imposing
unnatural development notations on developers. Our approach to broad appli-
cability is based on a formalism, called constrained ezpressions, that can be used
with a wide variety of standard notations. This allows a developer to choose
a notation appropriate for a system and its current state of development. A
description of the system in the chosen notation is then mechanically translated
into a constrained expression representation of the behavior of the system, which
provides a basis for formal analysis.

While a development notation is chosen to facilitate description and maxi-
mize expressive power, constrained expressions are designed to encode the infor-
mation required for analysis of important system properties. The constrained
expression representation of a distributed system provides a formal basis for
arguments concerning the order and number of occurrences of particular events
in behaviors of the system. Arguments of this nature have been widely used to
analyze distributed systems for such properties as mutual exclusion, deadlock,
and starvation (see, for example, [4,7,15,19,20,21]). The constrained expression
formalism thus offers a general intermediate form that both supports formal



analysis and allows development in the appropriate notations.

In a previous paper [3], we showed how constrained expressions are used to
add analysis capabilities to a (single) particular distributed system design lan-
guage. Further development of these techniques will be described in a forthcom-
ing report {2]. Algebraic manipulations, or “simplifications”, of constrained ex-
pressions are described in a companion paper [12]. Here we illustrate the broad
applicability of the constrained expression approach. We show how constrained
expression representations can be derived from descriptions of systems in three
different notations: SDYMOL, a distributed system design language based on
buffered, asynchronous interprocess communication; CSP, a distributed system
design and programming language based on synchronous, rendezvous-style in-
terprocess communication; and Petri nets, a graphical formalism for describing
concurrent systems based on a dataflow style of interprocess coordination. These
examples offer persuasive evidence for the broad applicability of the constrained
expression approach.

In section 2, we describe the constrained expression formalism. Constrained
expression formulations of SDYMOL, CSP, and Petri nets are presented in sec-
tions 3, 4, and 5, respectively. For purposes of illustration, we give a constrained
expression representation for a semaphore system described in each notation.
The accuracy and precision of constrained expression formulations of these nota-
tions are considered in section 6. Finally, in section 7, we discuss our experience

with the constrained expression approach and the directions of our current re-
search.

2 The Constrained Expression Formalism

In this section we briefly describe the constrained expression formalism. A more
formal description is given in the appendix.

In the constrained expression framework, any particular behavior of a dis-
tributed system is viewed as defining a sequence of event occurrences. An event
symbol is associated with each (potential) event occurrence. A single behav-
ior thus determines a string over an event alphabet, and the set of all possible
system behaviors determines a language over this alphabet.

Exactly what things are considered to be events depends upon the particular
system and the level of detail at which it is considered. We assume only that
events are indivisible and non-overlapping. Overlapping activities are easily
represented by treating their initiations and terminations as separate events.

A constrained expression consists of a collection of expressions over an al-
phabet of symbols, called the augmented alphabet. The augmented alphabet
contains symbols representing each potential event occurrence. It also contains
symbols required to capture important facets of a particular notation, as will be
seen in the examples in the next three sections. Such symbols do not necessarily
correspond to visible events. The expressions are interpreted as representing a



language. The constrained expression representation of a distributed system is
defined so that this language is exactly the language determined by the set of
possible system bchaviors.

Essentially, a constrained expression consists of two parts, a system ezpres-
sion and a constraint set. The system expression is a regular expression over the
augmented alphabet. It is formed using the standard regular expression oper-
ators, alternation (V), concatenation (juxtaposition), and Kleene star (*), plus
the interleave, or shuffle, operator (®).! The interleave of two event strings rep-
resents their concurrent occurrence. The regular expression ab®cd, for example,
denotes the set { abcd, acbd, acdb, cabd, cadb, cdab }. It represents the concurrent
occurrence of the event sequences ab and cd.

A system expression is viewed as a generator of “candidate” event sequences.
That is, each prefix of a string in the language of the system expression is
considered a candidate to be a possible behavior. We consider prefixes, rather
than complete strings in the language of the system expression, in order to
represent behaviors in which system components terminate prematurely. The
set of candidates contains event strings representing all the possible behaviors,
but it may also include extraneous event strings. We consider the set of prefixes
in conjunction with the constraint set to determine which candidates represent
possible system behaviors:

The constraint set consists of a collection of constraints. Each constraint is
an expression over the augmented alphabet, formed by using the regular oper-
ators (including interleave) plus the dagger operator (). This unary operator
represents the interleave of zero or more copies of its argument.? The dagger
describes some number of concurrent occurrences of an event sequence.

Each constraint represents a pattern of acceptable event sequences with re-
spect to a subset of the augmented alphabet, called a constraint alphabet. Every
candidate event sequence is “filtered” through the constrained expression’s con-
straint set to determine whether it represents a possible behavior. This filtering
process involves the following steps. First, the candidate prefix is projected on
the alphabet of some constraint. This involves “erasing” all symbols that are
not in the constraint alphabet. If the resulting string belongs to the language
of the constraint, the prefix is said to setisfy that constraint. Otherwise, the
prefix contains an unacceptable pattern of event symbols, and it is eliminated
from the set of candidates. Those prefixes that satisfy all the constraints in the
constraint set are called constrained prefizes.

As a final step, the constrained prefixes are projected on a termsinal alphabet.
This alphabet is the subset of the augmented alphabet consisting of event sym-
bols that correspond to significant system events. This yields the snterpreted
language of the constrained expression. The interpreted language represents ex-
actly the set of possible behaviors of the distributed system. It is important to

1The relative precedence of the regular expression operators, from highest to lowest, is *,
juxtaposition, ®, and V.
2The interleave operator preserves regularity [13], while the dagger operator does not.
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note that analysis techniques operate on the constrained expression, rather than
on individual strings in the interpreted language. It is therefore never necessary
to actually generate this language.

The approach of describing a set of candidate event sequences and then
eliminating tlose that fail to satisfy one or more constraints may seem more
complicated than directly generating the set of possible behaviors. We have
found it, however, to be both simpler and more natural. It is convenient to use
the system expression, which describes the candidate event sequences, and the
constraints, which are used to eliminate some of those sequences, for different
purposes. We typically use the system expression to describe behavioral prop-
erties of a system. For example, a system expression might express the fact that
some component of the distributed system first tries to receive three messages,
then selects between two possible recipients and sends a message to one of them.
We use constraints primarily to express fixed semantic properties for a class of
distributed systems. For instance, constraints enforce the synchronous nature
of interprocess communication in a constrained expression for a CSP system,
while constraints enforce the Petri net firing rules in a Petri net constrained
expression.?

Constrained expressions are usually generated from some other description
of a system. As demonstrated below, it is possible to derive a constrained
expression representation of a system from descriptions in a wide variety of
notations, including many design and programming languages. For each such
notation, constrained expressions are derived using a set of translation rules and
a set of constraint templates. The translation rules direct the transformation of
a design or program into a system expression. The constraint templates provide
generic versions of the constraints. They are instantiated for a given design or
program to produce a particular constraint set.

Considerable effort and insight is required to develop the translation rules
and constraint templates for a given notation. Once they have been developed,
however, it is an entirely mechanical procedure to carry out the derivation pro-
cess for a particular system’s description.

2.1 Related work

Regular expression-like descriptions of the sets of sequences of events represent-
ing system behaviors are also found in the work of Campbell and Habermann
[7] (path expressions), Riddle [27] (message transfer expressions and event ex-
pressions), Welter [32], (counter expressions), and Shaw (28] (flow expressions).
Message transfer expressions, event expressions, flow expressions, counter ex-

3There is nothing in the constrained expression framework that forces this separation of
concerns, and we do not always adhere strictly to it ourselves. The two parts of the constrained
expression framework provide a flexible approach to representing the possible behaviors of
distributed systems. Decisions regarding how to use the two parts in capturing the semantics
of a particular class of distributed systems are left to the discretion of the framework’s users.



pressions and the COSY notation [22], which is based on path expressions, all
rely on a filtering procedure. A set containing all legal system behaviors is rep-
resented by one or more expressions. Sequences that do not represent behaviors
are eliminated from this set to produce the set of possible system behaviors.

The major difference between the constrained expression formalism and most
of its predecessors (message transfer expressions, event expressions, counter ex-
pressions, and flow expressions) is the use of constraints to specify the conditions
under which strings are eliminated from the set of possible behaviors. The fil-
tering procedures used with the earlier notations are equivalent to using a fixed,
pre-defined set of constraints expressing synchronization requirements between
communicating processes.

The COSY notation closely resembles constrained expressions, but is in-
tended for quite different purposes. COSY is intended for specifying concurrent
software systems. Events in COSY correspond to operations or procedures,
rather than arbitrary system events. Path expressions, the COSY analogue of
constraints, restrict the order in which operations are invoked. A COSY descrip-
tion thus provides a declarative specification of system behaviors, presumably
for use in verification of a design or implementation. A constrained expression,
on the other hand, does not define the intended behaviors of a system. It is
a representation of the system’s possible behaviors that is derived from some
other system description and it is used for exploring properties of the system.

Trace models of distributed systems treat behaviors as sets of sequences
of communication events [17,23]. Properties of the systems are verified using
axiomatic proof techniques. A generalization of this approach models behaviors
as infinite sequences of observations [24], and uses temporal logic for proving
properties of behaviors. This has the advantage that liveness properties are
more easily specified. In contrast, the constrained expression approach uses
a more general concept of event and provides algebraic methods for analyzing
properties, such as absence of deadlock, limited use of shared resources, and
most liveness properties, which can be interpreted as questions about the order
and number of certain event occurrences.

In event-based models that rely on explicit partial orderings [14,8], a system’s
behavior is represented by a set of events and partial order relations. The
relations express time orderings or enabling relationships. Events which are not
comparable are considered concurrent. The system expression and constraints in
a constrained expression representation of a system can be viewed as imposing
certain partial order relations on the set of events. This model is therefore
compatible with the constrained expression formalism.

"



3 Constrained expressions for SDYMOL
3.1 An SDYMOL system

SDYMOL is a high-level design language focusing on interprocess communica-
tion and synchronization.® A concurrent system in SDYMOL is a collection
of sequential processes executing concurrently and communicating by means of
message transmission. The SDYMOL design for a process specifies how the
process interacts with other processes through message transmission. It only
abstractly describes the internal activities of the process itself.

Message transmission in SDYMOL is both a communication and a synchro-
nization mechanism. Each process contains a memory location, called its buffer
and a number of named ports. The buffer holds a message that is sent or re-
ceived through a port. To send or receive messages through a port, the port
must be connected to a link by a channel. An inbound port can be connected
to several links, while an outbound port can only be connected to a single link.
A link is an unbounded, unordered repository for messages that have been sent
through the outbound ports connected to the link and not yet received through
any inbound ports connected to it. Messages are represented by a finite number
of message types.

A process sends a message through an outbound port p by executing a send P
statement. This causes the current contents of the buffer of the process to be
copied into the link ! connected to p. The contents of the buffer are not modified.
If p is not connected to a link, send p is equivalent to a null statement.

A process requests receipt of a message through an inbound port p by exe-
cuting a receive p statement. The request is fulfilled by nondeterministically
selecting a link ! that contains one or more messages and is connected to P
nondeterministically selecting a message m from the messages in !, removing m
from I, and placing m into the process’ buffer. If there are no messages in any
of the links connected to p the requesting process waits. The wait continues at
least until a message becomes available. The appearance of a message in a link
connected to p does not necessarily end a wait. Competing requests might be
lodged in the interim, and requests are not serviced in any particular order.

The syntax of SDYMOL is based on that of Algol 60. SDYMOL provides a
standard set of control flow constructs. Decisions based upon internal process
computation are modeled as nondeterministic choices (e.g., if internal test ...,
or while internal test do ...). Internal process computations are represented
by primitive statements consisting of user-defined identifiers. Such statements
are semantically null. They serve as placeholders for activities that are to be
elaborated in subsequent system descriptions.

An SDYMOL design for Dijkstra’s solution to the mutual exclusion problem
is shown in figure 1. The system consists of three processes, represented by the

41t is a simplified version of the Dynamic Modelling Language (DYMOL), which was de-
signed to be used with the Dynamic Process Modelling Scheme (DPMS) [34).



circles labeled s, u; and uz. Boxes represent links. Arrows connecting links and
ports represent communication channels.

The “user processes”, u; and uz, periodically require access to some shared
resource. The “semaphore process”, s, acts as a binary semaphore. The
semaphore assures that the resource is used in a mutually exclusive fashion.

The availability of the resource is represented by an ok message residing
in the s.p link of the semaphore process.® The send s.p statement in the
semaphore process enables Dijkstra’s P operation.

The receive u;.p statements in the user processes represent the P opera-
tions. If both u; and uz try to execute this statement simultaneously (they
simultaneously attempt a P operation), one of the processes receives the single
ok message residing in the link. The other process waits until a message be-
comes available. That is, one process is granted access to the resource and the
other one waits. When a user process is finished with the resource, it deposits
an ok message in its u;.v link. The receive s.v statement in the semaphore
process models Dijkstra’s V operation.

The internal test predicate in the body of a user process represents some in-
ternal process computation. The results of this computation determine if the cy-
cle requiring access to the resource is repeated. This cycle is represented by the
three statements in the body of the while statement. The use-resource; state-
ment is an example of an identifier statement. It models an internal activity
(use of the resource) performed by u;.

3.2 The SDYMOL constrained expression

We show how to derive a constrained expression representation for the SDY-
MOL system shown in figure 1. We first describe the augmented and terminal
alphabets.

The event symbols used in the constrained expression representation for
the system are shown in figure 2. Conceptually, we associate these symbols
with certain system events, as indicated in this figure. Some of these symbols,
however, are needed in constraints for describing permissible event sequences,
and do not correspond to actual system events.

Event symbols represent the modification and use of buffer contents, the
transmission and receipt of messages, and the use of the resource. Additionally,
a stop symbol is associated with the completion of a process, while a starve
symbol represents an attempt to receive that results in starvation (the process
waiting forever). The ne, or non-event, symbol does not represent an actual
system event, as it does not occur in any string representing a legitimate system
behavior. It is used in constraints that assure certain patterns of event symbols
do not occur in constrained prefixes. We discuss the role of this symbol in more
detail below.

5We identify an outbound port with the associated link here and in the rest of the paper.
This is possible because the structure of an SDYMOL system is static.




while internal test do set buffer := ok;

receive y; P3 do forever
.p; oot
egin
use-resource;; g send s.p;
send u;.v; 1 5.p;
end o receive s.v;
. end.

Figure 1: SDYMOL solution to the mutual exclusion problem



[ Symbol | Associated Event |
def(g,m) | A message of type m is deposited in the buffer of process q.

use(g,m) | Use of the buffer of process ¢ when its value is of type m.

send(l,m) | A message of type m is sent to link {

rec(l,p,m) | A message of type m is transmitted from link I through port p

urg Use of the resource by process u;, fors = 1,2,

stop(q) Process g terminates normally.
starve(p) | The process starves at a receive p statement.

ne(q) The non-event symbol for process gq.

For a given SDYMOL system, q ranges over all processes, ! ranges over all
links (outbound ports), p ranges over all inbound ports, and m ranges over all
message types and over the reserved symbol L, which represents an undefined
message.

Figure 2: SDYMOL event symbols

The terminal alphabet is determined by the questions that analysis is in-
tended to address. Suppose, for example, we want to determine if the user
processes in figure 1 can starve, and if the resource use is mutually exclusive.
The former question can be determined by asking if there are any behavior
sequences containing a starve(u;.p) or starve(uz.p) symbol, and the latter by
asking if there are any legal behavior sequences containing a ur; symbol fol-
lowed by a ur; symbol, where 1 < ¢, 7 < 2, with no intervening rec(u;.v, s.v, ok)
symbol. In this case, therefore, the terminal alphabet might be defined to
be {starve(u;.p), ur;, rec(u;.v, s.v, ok) }i=1,2. Of course, the terminal alpha-
bet could be any other subset of the augmented alphabet containing these six
symbols.

3.3 The SDYMOL system expression

The SDYMOL system expression consists of an initial ezpression, ¢, followed by
the interleave of process ezpressions, m,, one for each process g:

e=b(®,r,,).

1

The initial expression describes the initial status of all links and buffers. Each
process expression represents the sequential activity of a process.

The initial expression is a concatenation of symbols. It contains a def (g, L)
symbol for each process g, indicating that the contents of all buffers are initially

10



undefined, and a send(l, m) symbol for each message of type m that initially
resides in a link . '

Each process expression is obtained from the SDYMOL code for a process
through the statement-by-statement application of the translation rules shown
in figure 3. The application of the rules T,-T} involves replacing the statement
on the left by the sequence of symbols on the right.® The remaining rules are
applied recursively. For instance, if the statement

while internal test do set buffer :=m

appears in a process g, it is transformed into def(g,m)* by the application of
Ts and Tc.

The sequence of events that occurs when a process g executes a send [
statement depends on the contents of its buffer. If the buffer contains a message,
that message is placed in . Hence, we have the disjunction over all defined
message types on the right in rule T;. Otherwise, the buffer is undefined and
the send is a null operation. This possibility is represented by the final disjunct.

With the exception of T, and T, the rest of the translation rules can be
similarly interpreted. The starve(p) ne(g) alternative produced by a receive P
statement within a process g represents a request for a message through port p
that is never fulfilled. In this case, ¢ does not participate in future system events.
Hence, if a starve(p) symbol appears in a constrained prefix, then no symbols
associated with ¢ may appear in the prefix anywhere to the right of the starve(p)
symbol. We guarantee this by placing the non-event symbol, ne (9), immediately
after the starve(p) symbol in T; and generating a constraint (described below)
to filter out prefixes containing any ne(g) symbols.

The ne(g) symbol is used in a similar fashion in Ts. The Kleene star on the
right in T represents the repeated execution of the embedded statement (s)-
By itself, however, the Kleene star only specifies that the statement is executed
some finite number of times. The ne(g) symbol is used to guarantee that no
subsequent statements in the code of the process are ever reached.

The system expression derived from the SDYMOL design in figure 1 is shown
in figure 4. Many prefixes of this system expression do not represent legal
behavior sequences. Consider, for example, the prefix

¢ rec(s.p, uy.p, ok) def (uy, ok) starve(uz.p) ne(uz) urs

This string represents an event sequence in which an ok message is received
from the link s.p before any messages have been deposited in the link. Several
constraints in the SDYMOL constrained expression filter out this prefix.

SIn T, identifier-symbol denotes the event symbol associated with the activity modeled by
the statement consisting of the single identifier identifier. Thus, the symbol ur; is associated
with the statement use-resource; in the example.

11



Statement Translation Rule

( V use(g, m) send(l, m))
send [ = m#EL T
V use(q, 1)
. (V rectop,m) der(a,m))
receive p = l, T
m#L v starve(p) ne(q)
set buffer := m u= def(gq, m) T
identifier uw= identifier-symbol T,
do forever(s) a= {(s)}* ne(q) Ts
while internal test do(s)::= {(s)}* Ts
while buffer = m do(s) == (use(q,m) {(s)})‘( v use(q, n)) Ty
n¥Em

" henelsel = U V6N T
if internal test then(s) == {(s)} v A T

if buffer = m — use(q,m) {(ss)} T
then (ss) else(s) v ( V use(g,m) { (s)}) 10

nEm .
use(q, m) {{s)}
if buffer = m th = T
er = m then(s) v ( V use(q, n)) 11
n#Em

(sD);(s) = {{sh} {(s)} Tiz
q:(s) = {(s)} stop(q) Tis

Here g denotes the process defined by the SDYMOL program, curly brackets ({})
signify the recursive application of these rules,  ranges over all links connected
to p, and m and n range over all defined message types and over L.

Figure 3: SDYMOL translation rules
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System expression:
€=(m, ® Ty, ® my,)

Initial expression:
¢ = def(s, L) def (uy, L) def (uz, L)

Process expressions:
7, = def (s, ok)(
use(s, ok) send(s.p, ok) V use(s, .L))
rec(uy.v, s.v, ok) def (s, ok)
V rec(uz.v, 5.9, k) def (s, ok) V starve(s.v) ne(s))

) nels) stopte

(rec(s.p, u;.p, ok) def(u;, ok) V starve(u;.p) ne(u.-))

(;se(u.-, ok) send(u;.v, ok) Vv use(u.',_l.))

) st

Figure 4: System expression for the SDYMOL design in figure 1
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x1(g) = (y def (g, m")use(q, m,)_)*

x2(g) = (V stafve(p')) V stop(q)

pI

ka(g) = A

Ka(l,m) = send(l,m)* ® (send(l, m) (V rec(l, ", m)))t

P

waltpym) = (send(tm) (V/ sl m)))f stare(p) (sendl )V relt " m)))t

" p'#p

v (send(l,m) v (\/ rec(l, p", m)))‘

pll

These templates are instantiated for each process g, link [, (inbound) port p,
and message type m #.L of the given system. In the disjunctions, m' ranges
over all message types (including L), p' ranges over all (inbound) ports of g,
and p” ranges over all (inbound) ports connected to .

Figure 5: SDYMOL constraint templates

3.4 The SDYMOL constraints

Constraints are required in an SDYMOL constrained expression because the
translation rules of figure 3 do not completely capture the semantics of SDY-
MOL. Each constraint describes the patterns of event symbols from the asso-
ciated constraint alphabet that can appear in strings representing legal system
behaviors. We use five different types of constraints for this purpose. The con-
straint templates that produce the constraints are shown in figure 5. With the
exception of the constraint x3(g), for a process ¢, the constraint alphabet for a
constraint consists of the symbols appearing in the constraint. The constraint
alphabet for x3(g) is the set { ne(q) }.

The first type of constraint, x;, pertains to the use and modification of buffer
contents. See figure 2, in which the symbol def (g, m) is identified with placing
a message of type m into the buffer of process ¢ and the symbol use(g, m) is
identified with a use of the buffer when it contains a value of message type
m. The undefined message, L, represents a buffer whose contents are currently
undefined. The constraint x;(q) requires that a use of the buffer of ¢ when it

14



contains a message of type m is preceded by placement of a message of type m
into the buffer, and that there are no intervening modifications to the buffer.
The constraint does not require that any use of the buffer actually occur between
successive modifications. Thus «;(g) assures that the buffer of q is used and
modified in a consistent fashion.

The second type of SDYMOL constraint, 2, relates to system termination.
All behaviors described by the constrained expression must be complete be-
haviors. Each process must either terminate or become permanently blocked
waiting to receive a message through some port.” This is assured for each
process ¢ by the constraint x2(g).

The third type of constraint, 3, guarantees that non-event symbols do not
appear in strings representing behaviors. As explained above, this eliminates
certain illegal patterns of event occurrences.

The fourth type of SDYMOL constraint, K4, relates to the transmission of
messages. To understand this constraint, note that (ab)! represents the set of
all strings containing equal numbers of a’s and b’s such that any prefix con-
tains at least as many a’s as b’s. The “dagger-subexpression” in x4(l, m) thus
guarantees that each reception of a message of type m from a link ! is preceded
by a corresponding placement of a message of type m into I. The interleaved
send(l, m)* allows more messages of type m to be placed in ! than are ever
received.

The final type of constraint, Ks, pertains to process starvation. A process
cannot starve waiting for a communication through a port p that is connected
to a link ! if there are messages residing in . For a link l, an (inbound) port p
connected to /, and a message type m #.1, the constraint xg (!, p,m) is used in
stating this requirement, as follows. ,

The first disjunct of «s(l, p,m) guarantees that if a process starves at a
receive p statement, then there are no messages of type m that it can receive
from . The first “dagger-subexpression” of this disjunct assures that there are
no messages of type m in | when an attempt to fulfill the request is made. The
second “dagger-subexpression” assures that all messages of type m that are
subsequently placed in [ are used to service other receive requests.

The second disjunct of x5(l, p,m) is required in case the process does not
starve at a receive p statement. In this case, x5(l, p,m) does not impose any
restrictions on the order or number of symbols representing events in which
messages of type m are placed in { or received from I.

Taken together, the constraints xs(1, p, m), for all defined message types m,
assure that if a process starves at a receive p statement, then there are no
messages of any type that it can receive from I. If the process does not starve
at a receive p statement, then none of these constraints restricts the order
or number of messages that are sent to or received from I. Of course, the
constraints x4(l, m) still restrict the order and number of messages sent to and

TA process that executes a do forever statement must eventually starve.
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received from ! in this case.

These five types of constraints restrict the order and number of events that
occur in strings representing legitimate SDYMOL system behaviors, in accor-
dance with that part of the SDYMOL semantics not expressed by the translation
rules. Application of the translation rules and instantiation of these constraint
templates completes the derivation of an SDYMOL constrained expression.

4 Constrained Expressions for CSP
4.1 A CSP system

We illustrate the derivation of CSP constrained expressions using the CSP so-
lution to the mutual exclusion problem shown in figure 6. It is based on the
integer semaphore example presented by Hoare [18]. The line numbers in this
figure are used for reference below. We discuss only aspects of CSP relevant
to this example. A more complete description of CSP can be found in Hoare’s
original paper [18]. '

The system, BS, contains a “semaphore process”, S, and two “user pro-
cesses”, U; and Uz. The “terminator processes”, T} and T3, cause the user
processes to (eventually) terminate.

S begins by assigning a 1 to its local variable, VAL. It then executes the
repetitive command in lines §2-5. On each cycle of this command, S waits
until one of the user processes sends it a v-signal (52-3), or until VAL is greater
than 0 and one of the user processes sends it a p-signal (54-5). Depending on
which of the successful guards is arbitrarily selected for execution, it then either
increments VAL or decrements VAL. A repetitive command terminates when
all of its guards fail and all processes named in input commands of open guards
have terminated. (A guard is open if the boolean expressions in the guard list
are satisfied.) Hence, the repetitive command in S terminates when both U;
and U, have terminated. S starves if the guards in lines (52-5) fail and one of
U, or Uz never terminates. If S starves and VAL is not positive, then S starves
waiting for a v-signal. If S starves and VAL is positive, then S starves waiting
for either a v-signal or a p-signal.

The user process U;, for 7 = 1,2, initializes CONT; and then cycles, sending
a p-signal, using the resource, and sending a v-signal, until it receives an e-signal
from T; (in U2) or it starves at the S!p() command or the S!v() command (in
U3). If U; receives an e-signal the second guard never again succeeds. Hence,
U; waits for T; to terminate, at which point it also terminates. If T; never
terminates, U; starves waiting for (another) e-signal.

The process T;, for 1 = 1,2, waits for U; to request its e-signal and then
terminates. If U; never requests an e-signal from T;, then T starves.

16



BS = [S:: SEM ||U, :: USER, || U, :: USER; | Ty :: TERMINATOR, || T; :: TERMINATOR;)

SEM =

(s1) VAL integer; VAL:=1;

(s2) #[Uy?v() —» VAL:= VAL+1 - - U} releases resource
(s3) (Ua?v() = VAL:= VAL+1 - = U3 releases resource

(s4) VAL > 0;U,?p() — VAL:= VAL—1 - - grant resource to U,
(s5) 0 VAL > 0;U>?p() — VAL:= VAL—1] - - grant resource to Us

USER.* =
(ul) CONT; boolean;CONT; :=t; - - initialize CONT;
(u2) #[T;%() —» CONT;:=f - - get termination signal
(u3) O CONT; — S'p(); urs; Stu()) - - else request, use

- - - - and release resource
TERMINATOR; = U;le() - - send termination signal

Figure 6: CSP solution to the mutual exclusion problem
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| Symbol | Associated Event

def (X, a) Assignment of value a to variable X

use(X, a) Use of variable X when it has the value a

rec(P, Q,c) c-signal from process P to process Q

urg Use of the resource by process U; (i = 1,2)

starve(P) Starvation of process P

stop(P) Termination of process P

send(P,Q,¢c) Process P ready to send a c-signal to process Q

send (P,Q,¢c) Process P ready to resume execution after sending a c-

signal to process Q

watt(P, P,Q,c) | Process P starves waiting for process @ to request a c-
signal from P

wait(Q, P, Q,c) | Process Q starves waiting for process P to send a c-signal

to Q
hang(P) Process P is assumed to (eventually) starve
term(P) Process P is assumed to have terminated
ne(P) Non-event symbol for process P

Figure 7: CSP event symbols

4.2 The CSP constrained expression

In this section we show how to derive a constrained expression representation for
BS from the CSP program in figure 6. This example illustrates two important
aspects of CSP constrained expressions. It shows how constrained expressions
can be used to represent the semantics of CSP (synchronized) communication
primitives. It also shows how the semantics of CSP guarded commands and
repetitive commands can be expressed. It does not, however, show how to
express the full semantics of expression evaluation and of the CSP assignment
command. We indicate how we handle these after discussing the example.

The event symbols for this example are shown in figure 7. Event symbols
represent the use and modification of variables, interprocess communications
(i-e., signals between processes), the use of the resource, and the starvation and
termination of processes.

The other event symbols are used to model aspects of the CSP semantics.
Let @ = (P,Q,c) represent a c-signal from a source process, P, to a target
process, Q. The rec(c), send(a), and send’(a) symbols are used in constraints
that assure communicating processes are properly synchronized. The rec(a)
symbol represents the communication event. A send(a) symbol signifies that
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the source process is ready to communicate, while a send’(a) symbol signifies
that the communication has taken place and the source process is ready to
continue with its processing. A wait(P’, a) symbol encodes information about
the starvation event starve(P'), where P’ is either the source or target process
of a. It signifies that P’ starves waiting for the communication a. These
symbols are used to guarantee that a process is not represented as starving on
a communication that can take place. The hang(P) symbol indicates that the
process P is assumed to starve (for example, an iterative command in some other
process should not terminate if P is named by the input command associated
with an open guard and P does not terminate) and the term(P) symbol indicates
that P is assumed to terminate. As in SDYMOL, the non-event symbol, ne(P),
is used to eliminate certain patterns of impossible event occurrences.

4.3 The CSP system expression

The system expression derived from figure 6 is the interleave of five process
expressions:

€=ns @ ny, ® 7y, @ 71, ® T,

It is shown in figure 8. We give line numbers in this figure for reference in the
discussion below. ]

The initial def(VAL, 1) symbol in line 1 of s is produced by the assign-
ment command in §. The “star-subexpression” and the term(U;) and term(U>)
symbols (in line 10) are produced by the repetitive command. Each guarded
command generates a disjunct (lines 2-5) representing its execution. The dis-
juncts in lines 6-7 and 8-9 represent the starvation of S within the repetitive
command. Two disjuncts are required because there are two possible truth val-
ues for the guard lists preceding the input commands. If VAL is not positive
when S starves, then S starves waiting for v-signals from the user processes.
This explains the wast($, U;, S, v) symbols, for ¢ = 1,2, in line 6 of ns. The
disjunction of the kang(U,) and hang(U;) symbols in line 7 indicates that one
of Uy or Uz must also starve in this case. The starve(S) symbol signifies the
starvation of S, while the ne(S) symbol signifies that no further symbols from
7s can appear. The order of the wait and hang symbols is, of course, arbitrary.
The interpretation and generation of the disjunct in lines 8-9 is similar.

Both U; and U; must terminate for the repetitive command to terminate.
The “star-subexpression” is thus followed by term(U;) symbols, for ¢ = 1,2.
The stop(S) symbol represents the termination of S.

The translation of the user process U;, for i = 1,2, requires the translation
of two output commands. Each output command produces two disjuncts. One
disjunct represents the communication taking place. It consists of the appropri-
ate send and send’ symbols. The second disjunct represents the starvation of U;
at the output command. Since the output command is not part of a guard, star-
vation at the command does not imply starvation of any other process. Thus,
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System Expression:

e=17s ®ny, ® ny, @ 7, ® 7,

Process Expressions:

T =

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)
(10)

def(VAL, 1) (

rec(Uy, S, v) ( V use( VAL, j) def(VAL, 7 + 1))

JjE Z

Vv rec(Us, S, v) ( \/ use( VAL, ) def (VAL, 5 + 1))
jeZ

Y (\/ use( VAL, j)) rec(U, S, p) (V use(VAL, 7) def (VAL, 7 — 1))

7>0 jEz

v (\/ use( VAL, j)) rec(Uz, S, p) (\/ use( VAL, 7) def VAL, j — 1))

>0 el

v (V use(VAL,j)) wait(S, Uy, S, v) wait(S, Uz, S, v)

7<0

(hang(Ul) v hang(Ug)) starve(S) ne(S)

v (V use( VAL, J)) wait(S, Uy, S, v) wast(S, Uz, S, v) wait(S, Uy, S, p)

>0
wait(S, Uz, S, p) (hang(Ul) \ hang(U2)> starve(S) ne(S)

) ‘term(Ul) term(Uz) stop(S)

Figure 8: System expression for the CSP program in figure 6
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Ty, =

(1) def(CONT.-,t)(

(2) rec(T;, Ui, e) def (CONT;, )
(3) V use(CONT;, t)
(@ (send(@i,5,7) senc' (01, 5,1)
Vv wait(U;, U;, S, p) starve(U;) ne(U.-)) ur;
(5) (send(U,-, S, v) send'(U;, S, v)
V wait(U;, U;, S, v) starve(U;) ne(U.-))
(6) V use(CONT:,f) wait(U;, T, Ui, e) hang(T;) starve(U;) ne(U;)
") ) wse(CONT:, ) term(T stop(t)
r, =

(1) (send(T.-, Ui, e) send'(?}, Ui,e) V wait(T;, T;, U;, €) starve(T:) ne (T.))

(2) stop(T;)

Figure 8: (Continued)
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K1 (X) ( V  def(X,v) use(X, v)').

vEL(X)

k3(P) = stop(P)V starve(P)

xa(P) = A

rela) = (send(a) rec(a) send'(a)) '

ks(a) = wait(source(a),a) V weit(target(a), o) V A
xo(P) = (hang(P)‘ ®starve(P)) Vi

k7(P) = stop(P)term(P)* v A

Figure 9: The CSP constraint templates

this disjunct does not require a kang(S) symbol. Similarly, no hang symbols are
generated by an input command that is not part of a guard. The interpretation
and generation of the process expression =y, for ¢t = 1,2, is obvious.

4.4 The CSP constraints

Seven types of constraints are required in the CSP constrained expression. The
templates for generating the constraints are shown in figure 9. For this figure
and the discussion below, we take V' to be the set of variables in the CSP system
and ¢(X) to be the type of X € V. We let C denote the set of communications
that can take place. For a communication a = (P, Q,¢) € C, source(a) = P is
the source process, target(a) = Q is the target process, and c is the constructor.
With the exception of the constraint x3(P), for a process P, the constraint
alphabet for a constraint is the set of symbols that appear in the constraint.
The constraint alphabet for x3(P) is the set { ne(P)}.

The first three types of CSP constraints, x;, k2, and k3, are analogous to
the corresponding SDYMOL constraints.

The fourth type of CSP constraint, x4, relates to interprocess communica-
tion. An input command in a process P corresponds to an output command in
a process Q if the input command names Q as the source, the output command
names P as the destination, and both commands name the same constructor. In
CSP, corresponding input and output commands are executed simultaneously.
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For a communication a € C, the constraint x4 () assures that the source process
and target process are at corresponding commands when the communication
takes place. Let @ = (P,Q,c). The send(a) and send’(a) symbols produced
by a Q!c() command are used as markers in the process expression wp. The
send(a) symbol follows all symbols representing events that precede execution
of the output command, while the send’(c) symbol precedes all symbols repre-
senting events that follow execution of the output command. The rec (o) symbol
produced by a P?¢() command is used in a similar fashion in the process expres-
sion 7q. It follows all symbols representing events that precede execution of the
input command and precedes all symbols representing events that follow execu-
tion of the input command. The rec(a) symbol also represents the simultaneous
execution of the corresponding commands. The constraint k4(c) requires that
each rec(a) symbol lie between corresponding send(a) and send’(a) symbols.®

The fifth type of CSP constraint, s, is analogous to the fifth type of SDY-
MOL constraint. The constraint x5(a), for @ € C, filters out strings represent-
ing event sequences in which both target(a) and source («) starve at correspond-
ing commands. Hence, these constraints assure that a process does not starve
if it can communicate.

The sixth type of CSP constraint, xg, also relates to the starvation of pro-
cesges. If a string from the language of a process expression, mQ, contains a
starve(Q) symbol that is produced by the translation of a guard in a repeti-
tive command, then it also contains a kang (P) symbol, where P is one of the
processes from which Q is waiting for a communication. The hang symbols are
generated because one of these processes must starve in order for Q to starve at
the repetitive command. (Otherwise, the repetitive command terminates.) In
this case, the constraint x(P) assures that the string also contains a starve (P)
symbol.

The final type of CSP constraint, 7, assures that a repetitive command is
executed until all processes that can make a guard succeed have terminated. The
representation of the execution of a repetitive command is followed by a sequence
of term(P) symbols. One term(P) symbol is generated for each process P that
must terminate for the repetitive command to terminate. The constraint x7(P)
assures that a term(P) symbol does not appear in a constrained prefix unless
it is preceded by a stop(P) symbol.

This completes our treatment of the constrained expression representation
of the system of figure 6. We now discuss some aspects of the derivation of
constrained expression representations of CSP systems that are not illustrated
in that example.

In the CSP system of figure 6, interprocess communication is limited to
the exchange of timing signals. More generally, a CSP output command may
specify values that are assigned to target variables in the target process. We

8We could equally well have reversed the role of the send and rec symbols, employing
send(a), rec(a), and ree’(«) in the translation rules for Qlc() and P?¢(), and modifying ¢ to
be (rec(a) send(a) rec'(a))*.
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represent the transfer of information between CSP processes in the same way
that we represent the transfer of information between SDYMOL processes. (See
section 3.)

The evaluation of an expression and the execution of an assignment com-
mand can fail in CSP. The evaluation of an expression fails if any of the opera-
tions it requires are undefined. An assignment command fails if the structures
of the target variables and assignment values do not matck, where the notion
of matching structures is made precise in [18]. Dillon’s dissertation [10] shows
how to represent the failure of SDYMOL expression evaluation. Essentially the
same approach can be used to represent the failure of expression evaluation and
of assignment commands in a CSP system, provided that certain restrictions
are placed on the structure of its variables.

The derivation of a CSP system expression is clearly more complex than the
derivation of an SDYMOL system expression. The additional complexity stems
from the complex semantics of the CSP repetitive command. In SDYMOL,
the condition for termination of a repetitive command is determined by local
data {e.g., the contents of the process’ buffer). In CSP, one must consider
the status of all processes that could affect a guard in a repetitive command
to determine if the command terminates or results in starvation. Moreover,
the precise semantics of an input command in CSP depends on whether the
command appears in a guard or a command list.

To represent the failure of a CSP repetitive command, we partition the do-
mains of variables in the guard lists so that the truth values of the guard lists
are constant on each element of the partition. A disjunct is then produced for
each element to specify the processes that must starve if the repetitive com-
mand fails. The termination of a repetitive command is represented in a similar
fashion.

Despite this additional complexity, the derivation of a CSP system expression
is a straightforward compilation task. The generation of the CSP constraints is
no more complex than the generation of the SDYMOL constraints. Addition-
ally, the CSP constraints are all regular, since they do not involve the dagger
operator.

5 Constrained expressions for Petri nets

5.1 A Petri net system

The Petri net formalism is a classical model of concurrent systems. A Petri net
is represented graphically as a collection of nodes, called places and transitions,
that are connected by directed arcs [26]. A marking specifies the tokens that
reside in the places of the net. Tokens enable the firing of transitions. When
a transition fires, it produces certain token movements. Transitions are labeled
with symbols from an event alphabet, so that each firing sequence determines a
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string of event symbols. The Petri net language is the set of strings determined
by all firing sequences [16]. Alternatively, the Petri net language may be defined
as the set of strings determined by those firing sequences that take the net from
its snitial marking to a specified final marking [16,25].

Figure 10 gives a labeled Petri net that is based on the solution to the mutual
exclusion problem presented in [26]. The net has seven places, P, through P;,
and six transitions, ¢; through ;. We use circles to represent places and bars
to represent transitions in this figure. Each transition is labeled with a symbol
from the alphabet { p;, p2, v1, vz, ury, ur;}. Adotina place represents a token.

The arcs in a Petri net determine the rules for firing transitions. A transi-
tion ¢, is fireable if there are at least as many tokens in each place P; as there
are arcs from P; to t,,. The firing of ¢,, removes a token from each P; for every
such arc and adds a token to each of the places P; for every arc from t,, to P;.
For example, the transition ¢, in figure 10 is fireable. The firing of t; removes
a token from P; and from Py, and adds a token to P,. A firing sequence deter-
mines the string obtained by replacing transitions with their transition labels.
The firing sequence ¢;¢5t3 of the net in figure 10, for instance, determines the
string p; ur; vy. '

The place P, in this figure models a semaphore process. The number of
tokens in Py represents the value of the semaphore. The transitions labeled p;
and y;, for ¢ = 1,2, represent Dijkstra’s P and V operations. We model the
use of the resource with the transitions labeled urg, for £ = 1,2. A P operation
(a firing of ¢, or t;) decrements the semaphore (removes a token from P;) and
enables a use of the resource (firing of ¢; or ts). A V operation (a firing of t3
or tg) increments the semaphore (adds a token to Py). Clearly, the transitions
representing the use of the resource are mutually exclusive.

5.2 The Petri net constrained expression

To express the rules governing the firing of transitions, we use symbols repre-
senting the addition of tokens to places and the removal of tokens from places.
In general, the augmented alphabet consists of the transition labels, the symbols
put; and take; for each place P; in a Petri net, and the special symbol end. A
put; symbol signifies the addition of a token to P;, while a take; symbol signifies
the removal of a token from P;. The symbol end is explained below. Naturally,
the terminal alphabet is just the set of transition labels.

5.3 The Petri net system expression

The Petri net system expression, ¢, has the form,

€= L(V 1r,,,) 'end
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Figure 10: Petri net solution to the mutual exclusion problem
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System expression:

€=l.(7r1 V1r3V1r3V1r4VW5V1rg)’end

Initial expression:

t = put, put, putg

Transition expressions:

1 = take) takeq p; put,
w3 = takez ury putq

3 = takes v put, put,
gy = takeq takeg p2 putg
75 = takeg urp puty

ne = takeyus put, puly

Figure 11: System expression derived from the Petri net in figure 10

where m ranges over the indices of the transitions and end is a special symbol
in the augmented alphabet. The initial ezpression, ¢, indicates the number of
tokens and their locations in the initial marking of the net. It is a concatenation
of put; symbols, one for each token residing in a place P; in the initial marking.

The transition ezpression, m,,, associated with a transition, ¢,,, is the con-
catenation of (i) a sequence of take; symbols, one for each arc from a place P;
to tm, (ii) the label associated with the transition, and (iii) a sequence of put;
symbols, one for each arc from t,, to a place P;. The transition expressions
encode the semantics of the firing of the transitions. The system expression
derived from the Petri net in figure 10 is shown in figure 11.

Many prefixes of the Petri net system expression represent firing sequences
that can never occur because transitions are shown as firing when they are not
fireable. Moreover, a proper prefix of the Petri net system expression can end in
the “middle” of a transition. That is, it can end with a proper prefix of a string
from the language of a transition expression. Such a prefix does not encode the
full semantics of the firing of the transition, as all the necessary token movements
have not taken place. The Petri net constraints filter out proper prefixes of the
system expression, along with strings that do not represent legitimate firing
sequences.
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Ky = end

(put; take;)t ® (put;)* if no final marking is specified
k2(P) = (put,; take;)t ® (put;...put;) if the final marking has n; tokens in P;
n; times

Figure 12: The Petri net constraint templates

5.4 The Petri net constraints

We use two types of Petri net constraints. They are shown in figure 12. For
each place P;, the integer n; > 0 denotes the number of tokens residing in P; in
the final marking for the net. The alphabet for a constraint is the set of symbols
appearing in the constraint.

The first type of Petri net constraint consists of a single constraint, x;. This
constraint filters out proper prefixes of the system expression. For example, the
string put, put, putg takey takeg pp is filtered out by this constraint. It repre-
sents an event sequence in which the transition labeled p, has fired, but a token
has not yet been deposited in Pg.

The second type of Petri net constraint, k3, assures that the rules governing
the firing of transitions are followed and that the required number of tokens
reside in each place at the end of a firing sequence. We use the first template
if no final marking is specified. Otherwise, we use the second. The “dagger-
subexpression” in the constraint k3(P;), for a place P;, guarantees that a token is
available in P; whenever one is removed. Hence, constrained prefixes correspond
to legal firing sequences. The n; interleaved put; symbols in the second template
for k3 correspond to the tokens left in P; at the end of the firing sequence.

6 Issues of correctness

Naturally, the “correctness” of the derivation procedure associated with a de-
velopment notation must be considered. Using the terminology of [31], this in-
volves showing that the constrained expression representations produced by the
derivation procedure are both accurate and precise.® A constrained expression
representation, D, of a system, S, is accurate if every event string representing
a behavior of S is contained in the interpreted language of D. It is precise if
every string in the interpreted language represents a legal behavior.

Accuracy of a constrained expression representation is essential. Analysis

9This terminology is not standard. We use the terms “accurate” and "precise” instead of
“consistent” and “complete” because these latter terms are overloaded in the literature.
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based on a constrained expression that is not an accurate representation of
a system could miss potential errors. Precision in a constrained expression
representation is equally important. Analysis based on a constrained expression
that is not a precise representation of a system could report “errors” that cannot
occur. It could also certify that certain (desirable) events occur when they do
not. Analysis of a representation that is both accurate and precise will not
report any spurious errors, nor inspire false confidence.

The verification of the accuracy and precision of a derivation procedure re-
quires an appropriate formal definition of the associated development notation.
This verification is facilitated if the formal description includes a simple cri-
terion for determining whether a particular sequence of events can occur in a
behavior of a system described in the development notation. Such a criterion
exists for the Petri net formalism. We demonstrate how this criterion can be
used to verify the derivation procedure described in section 5 above.

Consider the constrained expression representation derived for a Petri net
according to the translation rules and constraint templates of the previous sec-
tion. To simplify the discussion, we assume a Petri net in which each transition
t; is associated with a distinct label s;, and we let the terminal alphabet of the
constrained expression consist of the transition symbols s;. We now show that
the constrained expression representation is both accurate and precise.

Assume first that no final marking is specified for the Petri net. Then
a sequence ¢;, ---¢;, of transitions is a possible firing sequence if and only if
ti, - -ti,_, is a possible firing sequence and, after it has fired, the number of
tokens in Py, for each place P;, is greater than or equal to the number of arcs
from P; to t;,. The empty firing sequence is, of course, always possible.

Proposition 1 Suppose thatt;, - - -t;, is a possible firing sequence. Let |symb|,
denote the number of occurrences of the symbol symb in the string o. Then we
have

(i) The strings;, - - -s;, is in the interpreted language of the constrained ezpres-
ston, and

(ii) For each place P;, the number of tokens in P; after the firing sequence
tiy -+ -ti, 18 equal to

n n
Iput.’l“ _— Z |takejlyf.~k + Z Iputj‘n'.'k.
k=1 k=1

Proof. We proceed by induction on n. The result obviously holds when n = 0.

Suppose ¢;, ++-¢;, is a possible firing sequence with n > 0. The induc-
tion hypothesis implies that s;, - --s;,_, occurs in the interpreted language, so
LW, Wi, _, end is a constrained prefix, and that the number of tokens in P;
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after ¢;, -« -t is

in—l

n—1 n-1 '
lputl = 3 takeslm, + 3 [putsle,
k=1 k=1

Since ¢;, - - - t;, is a possible firing sequence, the number of tokens in a place
P; after t;, ---¢;,_, is greater than or equal to the number of arcs from P; to
ti,. We see from the translation rules that |take;|x; is equal to the number of
these arcs. Together with the fact that ¢m, -- -, _, end is a constrained prefix,
this implies that ¢m;, - - -m;, end is a constrained prefix and s;, --+3;, is in the
interpreted language. So () is proved.

To prove (i), we note that the number of tokens in a place Pj after t;, - - - ¢;,
is equal to the number of tokens in P; after ¢;, ---¢;,_, plus the number of arcs
from t;, to P; minus the number of arcs from P; to ¢;,. The translation rules
imply that the number of arcs from ¢;, to P; is |put,|«,, and the number of arcs
from Pj to t;, is |takes|y, . The desired result then follows from the induction
hypothesis applied to the sequence ¢;, ---¢;__,. 11

Proposition 2 Suppose that s;, ---3;, is a string in the interpreted language.
Then t;, - - -t; is a possible firing sequence.

Proof. Again we argue by induction on n, with the case n = 0 clear.

Suppose s;, - --3;, is a string in the interpreted language, for some n > 0.
Then ¢m;, - - -7, end is a constrained prefix. Inspection of the constraints shows
that emy, - -m;,_, end must also be a constrained prefix, so 8;, **+8§,_, isin the
interpreted language. We conclude by induction that ¢;, ---¢;,_, is a possible
firing sequence.

Since the string ¢m;, - - m;, end satisfies all the constraints x2(P;), we must
have, for each 7,

n—1 n-1
|takesln;, < |putil =Y |take;lay, + D |putlm,, -
k=1 k=1

The left side of this inequality is the number of arcs from the place P; to the
transition ¢;,. By the previous proposition applied to t;, - - - ¢;,_,, the right side
is equal to the number of tokens in P; after ¢;, ---¢;,_,. Thus, ¢;, ---¢;, isa

possible firing sequence. i

These two propositions imply the following theorem.

Theorem 1 Let S be a Petri net with no final marking specified, and let D
be the constrained ezpression representation of S obtained using the translation
rules of section 5. Assume that the alphabet of the interpreted language of D
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consists of the labels s; corresponding to the transitions t; of S, and that these
labels are all distinct. Thent;, - ‘ti, 18 @ possible firing sequence of S if and
only if s;, ---3;, 1s in the interpreted language of D.

The theorem says that D gives a precise and accurate representation of the
finite behaviors of the Petri net S. The case in which a final marking for S is
specified follows easily, since a firing sequence is possible for a net with final
marking if and only if it is possible for the same net without specifying the final
marking and it results in the specified final marking. The theorem above char-
acterizes the possible firing sequences of the net without final marking, and an
examination of the constraints x3(P;) shows that they enforce the requirement
of the specified final marking. Clearly, the case in which not all transitions are
labeled and/or the transition labels are not all distinct also follows easily from
the theorem. '

In principle, a similar demonstration could be given for any development
language with a suitably formal definition. At the current stage in our work,
however, we are content with less formal determinations of accuracy and preci-
sion. We have informally checked the accuracy and precision of our constrained
expression derivation procedures, including those for SDYMOL and CSP, by
justifying each translation rule and constraint template based on the interpre-
tation of the event symbols. Typically, a first version of a derivation procedure is
devised through a combination of informal reasoning and experimentation. The
derivation procedures associated with other development notations can serve
as a model for this first version. The proposed derivation procedure is then
“tested” and revised until a satisfactory procedure is obtained. Of course, given
a formal description of the development language, a more formal approach to
defining derivation procedures would be conceivable.

We note that the problems of precision and accuracy are not restricted to
showing that constrained expression representations properly reflect the formal
semantics of a development notation. Proving that a derivation procedure accu-
rately and precisely reflects a formal description of a development notation is of
little value if the formal description does not accurately and precisely correspond
to the practical implementations of that notation. The task of verifying this cor-
respondence between the formal description and the implementation, whether
it be an actual compiler or simply a software developer’s understanding of a
design language, is at least as difficult and important.

7 Conclusion

We have shown how constrained expressions are used with development no-
tations providing different communication primitives (synchronous and asyn-
chronous), based on different underlying models of computation (state machines
and Petri nets), and appropriate for different stages of software development.
In addition to the three notations discussed here, constrained expressions have
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been used with an Ada-based design language [3] and with a notation that
provides primitives for dynamically altering the communication pathways in
a distributed system [33]. This range of applications demonstrates the broad
applicability of the constrained expression approach.

Further evidence comes from two other projects that are in progress at
the University of Massachusetts. In one of these, an event-based language re-
sembling constrained expressions is being used for high-level debugging of dis-
tributed systems [6]. A prototype toolset supporting this debugging method has
been implemented and is being used in a distributed problem-solving testbed
system. Another research group is using a similar event-based language in an
intelligent user interface system that is part of an office automation project
[9]. The language is used to describe office procedures. These descriptions
are interpreted by the interface system, which assists users in carrying out the
procedures.

The primary concern of our research is with building tools to help in the de-
velopment of distributed software systems. It is in this context that the broad
applicability of the constrained expression approach is significant. Constrained
expressions provide a framework for formal analysis of properties, such as mu-
tually exclusive use of shared resources and absence of deadlock, that can be
characterized by the patterns of event symbols appearing in strings representing
behaviors of a system. A constrained expression is a finite representation for a
potentially infinite set of behaviors. It can therefore be used to reason about
the sequences of events in all the behaviors of the set collectively, rather than
one at a time. Since the constrained expression explicitly encodes relationships
between the order and number of event occurrences in behaviors of a system, it
directly supports reasoning about behavioral properties that involve interactions
among the parts of a distributed system.

We have developed several techniques for analyzing constrained expressions.
Detailed presentations of these techniques appear elsewhere [5,10,12,2]. Their
application in a realistic distributed software development setting is illustrated
in [3].

We have begun development of a prototype toolset incorporating the con-
strained expression approach. The toolset is targeted for used with an Ada-like
design language, called CEDL, that we have developed [11,29]. The toolset will
contain a constrained expression deriver, a simplifier, a behavior generator, and
a collection of analysis tools.

The deriver produces a constrained expression representation for a system
from a CEDL design [30]. A first version of a deriver has been implemented
in Ada [29]. The current deriver is table-driven. Derivers for later versions of
CEDL and for other software development notations can, therefore, be easily
created by modifying the existing tool.

The derivation procedure associated with a distributed system development
notation is general, so that it can be applied to any syntactically correct de-
scription. Specific features of a particular distributed system, however, often
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make it possible to produce a simpler constrained expression representation of
the system than the one produced by the general derivation procedure. We have
developed techniques for “simplifying” constrained expressions (10,12]. The sim-
plifier will automate this process. It will accept a constrained expression and
produce a simplified version of that expression. Use of a constrained expres-
sion simplifier will reduce the effort required for later analyses. In constructing
the simplifier, we are exploring relationships between constrained expression
simplification and certain static analysis techniques [31].

The behavior generator is a tool for producing example behaviors from a
constrained expression representation of a system. We have implemented a pre-
liminary version of this tool in Prolog [1]. It generates a string from the inter-
preted language of a constrained expression. The existing behavior generator is
interactive, so that it can be guided in a search for a behavior possessing specific
properties. This capability will be of great value to users of the constrained ex-
pression toolset. A developer of distributed software can explore properties of a
system, detect certain classes of errors and recognize possible improvements us-
ing the behavior generator. Moreover, the analysis tools produce vast amounts
of information about behaviors that have a particular property. The behav-
ior generator will help the developer transform this information into concrete
examples of behaviors having the given property.

The analysis tools will automate the algebraic analysis techniques of 3,5,2].
These techniques can be used to determine whether a particular pattern of
events appears in any behavior described by a given constrained expression.
Their application involves the generation of a system of inequalties involving the
number of occurrences of events in subsequences of the behavior. If this system
of inequalities is inconsistent, the hypothesized pattern of events cannot occur.
If it is consistent, the inequalities provide information about the behaviors in
which the pattern might occur. This information can then be used to guide in
the production of such behaviors.

The process of generating inequalities is driven by the form of the constrained
expression. Preliminary work on automating this process is very promising [2],
and a prototype inequality generator based on these methods is currently under
development. We are using a standard integer linear programming package to
solve the systems of inequalities produced by the inequality generator. When
combined with this package, the inequality generator will provide powerful sup-
port for analysis of distributed software systems.

Most of the above tools could be used with any notation a developer might
adopt. An appropriate deriver would be required for producing constrained
expression representations from descriptions in the chosen notation. This is
primarily a matter of modifying the tables in our current deriver to reflect the
appropriate translation rules and constraint templates. Certain aspects of other
tools will rely upon specific details of the form of CEDL constrained expressions.
For the most part, however, the simplifier, behavior generator and analysis tools
could be readily adapted to support analysis of descriptions in other notations.
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This would permit developers to select notations based on their naturalness and
expressive power, rather than on the availability of analysis tools.
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Appendix

A Formal definition of constrained expressions

We let RE(A) denote the set of regular expressions over the alphabet A, where
here regular expressions over an alphabet are formed from the symbols in the
alphabet, the null string (represented by A), and the empty set (represented by
0) by finite applications of the usual regular expression operators, alternation
(represented by V), concatenation (represented by juxtaposition), and transitive
closure (represented by *), and an additional operator, the shuffle or interleave
operator (represented by ®).1° The operator ® has been shown to preserve
regularity (13] and is useful for representing concurrent activity.

In order to express certain constraints on the order and number of symbols
that appear in legal behavioral traces of a system, we need to introduce an addi-
tional operator, the unary concurrent closure, or dagger, operator (represented
by *). The ! represents the shuffle of zero or more copies of its argument, and
is at the same level of precedence as *. Thus, for instance, (ab)? represents the
set of strings consisting of equal numbers of the symbols & and b, with the addi-
tional property that, in any prefix, the symbol a occurs at least as many times
as the symbol b. The ! operator is used in constraints to ensure, for example,
that at least as many messages have been sent as have been received.

The event ezpressions over an alphabet A are formed from the symbols of A,
the null string, and the empty set by finite applications of the regular expression
operators (including ®) and the ! operator. We write & £(A) for the set of event
expressions over A.

Let § C A. We define a homomorphism ps : A* — S*, called projection on
S, by extending the map A — S* given by

_fa, ifaes;
ps(a) = { A otherwise.
We think of ps as “erasing” the symbols not belonging to S. Let u be a string
of symbols from A. For x € ££(S), we say that u satisfies « if ps(u) belongs
to the language of k. We can regard x as imposing a constraint on the way
in which the symbols belonging to S can occur in strings; u satisfies x if this
constraint is satisfied.

Essentially, a constrained expression consists of a regular expression ¢ over
an alphabet A of event symbols, together with a collection of subsets of A and
event expressions over those subsets. These event expressions are regarded as
constraining the patterns of event symbols, and we are interested only in those
prefixes of the language of ¢ which satisfy all of the event expressions. More
formally, we have

10The relative precedence of the regular expression operators, from highest to lowest, is °,
juxtaposition, ®, and V.
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Definition 1 Definition. A constrained expression 1s an ordered pair D =
(T, €), where

(i) F = (4,E, 8,0), where
(a) A is an alphabet of event symbols,
(b) E is a subset of A,
(c) 8 = {S;}jes, where J is o set of indices and S; C A, for each 5 € J,
(d) € = {x;}ics, where k; € EE(S;), for each j € J, and
(ii) € € RE(A).

We say that A is the augmented alphabet of the constrained expression and E
is the terminal alphabet. The regular expression ¢ is the system ezpression, the
k; are called constraints, and the S; are the constraint alphabets. The symbols
in the terminal alphabet represent system events of interest to the designer. The
augmented alphabet consists of these symbols and others required for technical
reasons, such as the ne symbol used in sections 3 and 4.

Let D = (F,¢) be a constrained expression, and let P(e) be the collection
of prefixes of the language of the regular expression €. A prefix u € P(e) is
called a constrained prefiz if it satisfies all the constraints xy, i.e., if, for each
7 € J, ps,;(u) belongs to the language of x;. We write P(e)|s for the set
of constrained prefixes of D. Finally, the interpreted language of D, I L(D),
is obtained by projecting the constrained prefixes onto the terminal alphabet.
Thus, T £(D) = pe(P(€)|z)- It is this interpreted language that corresponds to
the behaviors of the system represented by the constrained expression D.
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