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Abstract

We prove asymptotic upper and lower bounds on the asymptotic decay rate of per-session queue length tail
distributions for a single constant service rate server queue shared by multiple sessions with the generalized
processor sharing (GPS) scheduling discipline. The special case of a two-queue GPS system has been dealt with
separately in Part I of the paper [33], where exact bounds are obtained for each queue. A general multiple-queue
GPS system is treated in this part (Part II) of the paper and tight upper and lower bound results are proved by
examining the dynamics of bandwidth sharing nature of the GPS scheduling. We are not able to obtain exact
bounds in this general case due to the complex nature of dynamic bandwidth sharing under the GPS scheduling.
The proofs use sample-path large deviation principle and are based on some recent large deviation results for a
single queue with a constant service rate server. These results have implications in call admission control for
high-speed communication networks.

1 Introduction

In the future high speed digital networks, to support a variety of applications such as voice, video and datagram traffic
with diverse traffic characteristics and guality of service (QoS) requirements, it has been suggested to provide different
QoS service classes to accommodate this diversity of traffic characteristic and QoS requirement [1, 8, 28]. As a
result, more sophisticated scheduling mechanism other than the simple First-In First-Out (FIFO) service discipline is
needed to provide both protection and bandwidth sharing among service classes. For this purpose, the Generalized
Process Sharing (GPS) service discipline [26, 25] (also known as Weighted Fair Queueing), has been proposed, one
important feature of which is its ability to provide isolation among different classes, while, at the same time, allowing
bandwidth sharing among classes.

More specifically, GPS is a work-conserving scheduling discipline, it assumes a fluid source model where source
traffic is treated as infinitely divisible fluid (hence an ideal model). Consider n sessions sharing a GPS server with
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Figure 1: A two-queue GPS system.

rate ¢, each session with its own queue 1. Associated with the sessions are parameters {¢; }1<i<n (called GPS
assignment) which determine the minimum sharing of bandwidth of each session. Each session is guaranteed a

minimum service rate of g; = o More generally, if the set of sessions with queued packets at time ¢ is
j=177
B(t) C {1,...,n}, the session € B(t) receives service at rate Z‘*% at time ¢.
EIORS

The performance of GPS has been studied in both deterministic [26, 27, 25] and stochastic setting [32, 35] and upper
bounds on the interested metrics such as loss or delay are derived. In the deterministic case, Parekh and Gallager
[26,27,25] show that the upper bounds are attainable in the worst-case. In the stochastic setting, how tight the upper
bounds are is still an open question.

In this paper, we are interested in deriving upper and lower bounds on the asymptotic decay rate of the queue length
tail distribution of each session. We consider a discrete-time fluid model, by which we mean that arrival and service
happen at discrete-time slot indexed by integers, but arrival and service are in the form of fluid, i.e., they are infinite
divisible.

In Part I of the paper [33], we have looked at a two-queue GPS system. Due to the simpler bandwidth sharing
mechanism of this special case, we are able to obtain exact bound on the asymptotic decay rate of the queue length
tail distribution for each queue.

In this part (Part II) of the paper, we consider a general GPS system with multiple queues. Due to the complexity of
the bandwidth sharing mechanism in the general GPS system, the upper and lower bounds we obtain do not match
exactly. However, they have similar form, indicative of their tightness. In particular, if there are only two queues, the
lower and upper bounds are the same. Our results are derived based on the sample-path large deviation principle and
exploring the complicated bandwidth sharing structure in more details. A key concept introduced is partial feasible
sets which captures the dynamics bandwidth sharing nature of the GPS scheduling. Our results are more general and
includes those in [11] as a special case.

Study of asymptotic behavior of queueing systems has its implication in call admission control with QoS guarantees
for the future high-speed networks. The theory of effective bandwidths (see !, e.g., [19, 18, 16, 20, 15,23, 31,4, 17,
13, 24]) developed in recent years exploits this asymptotics to provide a simple theoretical call admission control
scheme for networks represented by a single server with a shared queue. This scheme is asymprotically optimal. For
networks employing GPS service discipline, a theoretical admission control framework is laid out in [34] for various
network service models based on the results in [35]. Optimal and sub-optimal call admission control schemes are
designed using the stochastic envelope process model [4] and the theory of effective bandwidths. Although the upper
bounds obtained in this paper are tighter than those in [35], they are generally impossible to compute effectively. In

'For an excellent survey on the theory of effective bandwidths, see [7].



[21], approximation methods are used to obtained tight bounds for the GPS system.

The rest of Part II of the paper is organized as follows. Section 2 lists some large deviation results regarding
discrete-Time G/ D/ 1/ oo queueing systems which will be used later. Section 3 presents the assumptions, and some
important sample-path relations regarding the GPS system, and states the main theorem. Section 4 proves the main
theorem. The paper is concluded in Section 5.

2 Large Deviations for Discrete-Time G/ D/ 1/ oo Queueing Systems

In Section 2 of Part I of the paper, a brief overview of some key concepts and results from large deviation theory and
its application to the study of discrete-time G/ D/ oo are presented. To save space, in this section we only list a few
results that are to be used later in the paper ? The following presentation follows closely the formulation in [4, 5].
We describe the arrival process to a discrete-time G/ D/ 1/ co queueing system by a sequence of bounded, nonnegative
random variables on IR, {a(t),t € IN}, where IN is the set of nonnegative integers. In other words, at time ¢ 2, the
amount of arrivals to the queue is a(t). Forany 7 = 0,1,2,...and any t € IN,¢ > 7, define A(1,t) = 3'_1 a(s),
the number of arrivals during the time interval [, t). Alsolet A(r, 7) = 0. We call A the cumulative arrival process.
We make the following assumptions on the arrival process {a(t),t = 0,1,2,...} [4,5].

(A1) The arrival process {a(t),t = 0,1,2,...} is ergodic and stationary.

(A2) For any 6 € IR,
A4(0) = tli)rg % log Ee®4(%) < oo (1)

and is differentiable.

(A3) {a(t),t = 0,1,2,...} is adapted to a filtration { F;*,¢ € IN} with the following property: for any § € IR,
there exists a function I' s (6),0 < T'4(8) < oo such that forany s = 0,1,2,...,t € IN,

A4(0)t — T 4(8) < log E(®4(5t+9)| FAY < A, (0)t +T4(8) a.s. )

Note that (A3) implies (1) by taking s = 0 in (2). To emphasize (A2), we list it separately. Examples of random
processes that satisfy (A1), (A2) and (A3) can be found in [6].
By Girtner-Ellis Theorem, (A1) and (A2) imply that { A(0,¢)/t,t € IN} satisfies the large deviation principle with
the rate function [4]

Ay (z) = sup{fz — A4(0)}.

6clR

Moreover, if (A3) is also satisfied, then {a(t),¢ = 0,1, 2, ...} satisfies the sample path large deviation principle [5].
More precisely, fort = 1,2, ..., define the scaled process

A () %A(O, tu]), 0<u<l. 3)

2Readers who are interested in general large deviation theory should consult [9, 14] or any other books on the subject. [30] gives an
excellent survey of large deviation theory and its application to communication networks. [7] and reference therein is a good source on
application of large deviation theory to effective bandwidths and queueing theory.

3Throughout the paper, whenever a discrete-time system is considered, all time indices are integers.



Let u(®) be the distribution of A®)(u). Then {u(®),t € IN} satisfies the sample path large deviation principle with
the rate function I 4(¢) defined as follows:

Jy 4@ (w)du, if ¢ € ACo([0,1), IR),
I4() = .

00, otherwise.
Let ¢ be the rate of the server in the G/ D/ 1/co system and denote the backlog at time £ € IN (or the queue length
at time ¢) by Q(t). A necessary and sufficient condition for the G/D/ 1/co0 queueing system to be stable is that
the average arrival rate is less than the service rate, i.e., Ea(0) < ¢. Under this stability condition, by Loynes’
Theorem [22], assuming that the system starts with an empty queue at time 0, the distribution of Q (%) increases
monotonically to a stationary distribution @ (oo) as ¢ — oo and Q(co0) < oo almost surely (a.s.).

Given that the assumptions (A1) and (A2) on the arrival process and the above stability condition are satisfied, it has
been proven (see, e.g. [4]) that for any z > 0,

lim % log Pr{Q(c0) > z} = 6" 4)
where 8* is the unique solution to the equation A 4(6) = fc or 8* = sup{6 € IR : A4 (6) < cb}.
Define a4 (8) = A4(60)/6. aa(8) is called the effective bandwidth of the arrival process {a(t),t = 0,1,2,...} or
the corresponding cumulative arrival process A.
Forany t € IN,let S(0,t) = S2*_% b(r), where b(7) is the number of departures at time 7. Thus {S(0,),t € IN}
is the (cumulative) departure process. Using the sample path large deviation principle, it is proved in [5] (see also
[12]) that the {S(0,t)/¢,t € IN} satisfies the large deviation principle with the rate function

[ M) ifac<e
Ah(a) = { 00 otherwise. ©
Thus j
B ) A0 if0<9<49
Ap(6) _:glg{ea Ap(a)} = { Oc—éc—I-AA(é) ifg >0 ©

where 8 is such that A%, (8) = ¢, i.e., A% (c) = cf — A4().
Therefore, ap (6) = Ap(0)/0 is the effective bandwidth of the departure process.

In this paper, we primarily interested in the stationary G/ D/ 1/co queueing system. More specifically, we assume
the backlog process of the system has reached its steady state, thus having the same distribution as @ (c0). We study
the system at time 0 and look backward in time. Since the arrival process is stationary, this will have no effect on
the assumptions (A1), (A2) and (A3). However, for easy reference, we re-state them from this point of view.

(A1") The arrival process {a(—t),t =0, 1,2, .. .} is ergodic and stationary.

(A2)Forany @ € IR,
1
A4(6) = Jim —log Eef440) < oo

and is differentiable.



(A3) {a(—t),t = 0,1,2,...} is adapted to a filtration {F4,,¢ = 0,1, 2, ...} with the following property: for any
6 € IR, there exists a function I' 4 (6),0 < T'4(8) < oo such that forany s = 0,1,2,...and t € IN,

Aa(0)t —T4(8) <log E(ePA4t=5=9)| FA Yy < Ay(8)t +T4(8) as.

As Q(0) has the same distribution as @ (oc0), from (4), it can be proved that for any positive § < 6*,
Ee’) < co. (7)

The following lemmas are instrumental in proving the main theorem of the paper regarding the GPS system, the
proofs of which can be found in the appendix of Part I of the paper [33].

Lemma 1 Assume Ea(0) < c, then for any 8 < 6*,
1
Jim Z log E[e®(@(=1+A(-100) — A ,(9). (8)

Letz Ay = min{z, y}. For any ¢t € IN, define

D(=t) = [Q(~) + A(~,0)] A ct. ©)
Lemma 2 Assume Ea(0) < c. Then for any a € IR,
1
lim —log Pr{D(—t)/t > o} = — inf A} (z) (10)
t—oo { z>a
where
. ) ANy(e) fa<c
Ap(e) = { &) otherwise. (1D
Moreover, let § be such that A;‘(é) = c. Then forany 6 > 0,
.1 -
Jim ~log E[e?”("Y] = Ap(6) (12)
where _
: A4(6) if 0<6<86
A 0 = 0 —A = ~” ~ . 1
p(0) = sup {fo=Ap(e)} { bc —fc+Aa(f) if 6> 4. (13)
For any ¢ € IN, define the scaled process A®)(s) = LA(—|ts],0),0 < s < 1. Let
) — mi _ _ — ] (®) —
B(-t) = Orsnrlgt{A( 7,0)+c(t—7)} = torg?l{A (s) +c(1—s)}. (14)

Lemma 3 {B(—t)/t,t € IN} satisfies the large deviation principle with the rate function A % (z) defined as follows:
If Ea(0) < c, then

. ) A (z) ifz<c
Ap(2) = { 00 otherwise (5)
and if Ea(0) > ¢, then
. )0 ifz=c
Ap(z) = { oo otherwise. (16)



From Varadhan’s Integral Lemma (see, e.g., Theorem 4.3.1 in [9]), we have that for any 6 € IR,

1
lim - log Ee®(-") = Ap(0) = sup{zf — A}(z)}.
t—oo § zeR
Therefore, if Fa(0) < c, then
A4(8) if <4
Ag(0) = A ~ =7
5(0) {ec—ec+AA(e) if 6>4.

If Ea(0) > ¢, then Ag(6) = fc forall 6 € IR.

3 Multiple-Queue GPS Systems: Assumptions, Sample Path Relations and State-
ment of the Main Theorem

Consider a GPS system with n queues, where n > 2 (Figure 1). Let ¢ be the service rate of the GPS server and
{#:}1<i<n the GPS assignment for the n sessions sharing the GPS server where ¢; > 0,1 < i < n.

For any time ¢, let a;(t) denote the amount of arrival from session ¢ to queue ¢ at time £, and for any time interval
[7,t),let A(T,t) = 3.0_} a;(s) denote the total amount of arrival during [, ¢). Similarly, let b;(¢) denote the amount
of service session i received at time ¢ and S; (7, ) = S>°Z b;(s) the total amount of service session i received during
[T,t). The backlog of queue 7 at time ¢ is denoted by Q;(%).

An equivalent way to define GPS [26, 25] is that

Sirit) 6 j=1,2,....n (17)

Sj (T: t) - ¢j ,
for any session ¢ that is backlogged throughout the interval [, ]. A session is backlogged throughout an interval
if there is always traffic from that session queued through the interval. From the definition of GPS scheduling, if
session 7 is busy throughout [T, t) (i.e., Q;(s) # 0 for s € [7,t)), then S;(7,t) > ¢;c(t — 7). In other words, session
1 is guaranteed a service rate of ¢;c whenever it is busy.

Given that the arrival processes {a;(t)}, 1 < 7 < n, are stationary, and that the stability condition, > ; Ea;(0) < ¢,
is satisfied, the GPS system is stable. In particular, the queue length process @Q;(t) tends to a finite random variable
Q; a.s.,ast — oo. In the following exposition, we consider the stationary two-queue GPS system, i.e., the system
has reached its steady state. In particular, we assume the queue length distribution ) ; of each queue has reached its
steady state at time O (hence it has the same distribution as J;). We examine the system at time 0 and look backward
in time.

3.1 Assumptions

We make the following assumptions on the arrival processes *: fori =1,2,...,n,

(A1") The arrival process {a;(—t),t = 0,1, 2, ...} is ergodic and stationary.

*The time index used reflects the point of view of looking backward in time. Recall that the set of assumptions (A1"), (A2") and (A3') is
equivalent to (A1), (A2) and (A3).



(A2") Forany 6 € IR,
1
lim - log Be? 4749 = A 4,(6)

exists and A 4,(6) is differential.

(A3") {a;(—t),t =0,1,2,...} is adapted to a filtration { F#;,¢ = 0,1, 2, ...} with the following property: for any
6 € IR, there exists a function I 4, (), 0 < I'4,(#) < oo such that forany s = 0,1,2,...and t € IN,

Mg, (0)t —T4,(8) < log E(eP4-t0=0)| FA: ) < Ay (0)t+T4,(0) as.

We prove upper and lower bounds on the asymptotic decay rate of the stationary backlog process @ ; for each session
1. Without loss of generality, we consider session 1. Before we state the results, some notation are necessary. We
draw the reader’s attention that in the definitions of the following sections, since session 1 is the queue under study,
it is always treated specially, e.g, in the definition of partial feasible set, session 1 is excluded.

3.2 Partial Feasible Sets

Let Ny = N\ {1} = {2,3,...,n}. For any fixed § > 0, we say a (possibly empty) set F' C N; is a partial feasible
set with respect to 6 if F' can be partitioned into F, ..., F; such that for any i € Fy, 0;(8) < ¢i ¢ and for

Dien i
2 <1<k, ifi € F;,then

w() < (e~ Y o(0))

z:jEN\Fl_1 ¢] jeEFI-1

where F'-* = F,U---F_;.
Fy, ..., Fy are called the partial feasible partition of F. For 1 <1 < k, let
W0 = e Y ay(0))
ZjeN\Fl—l ¢j

]'GFl—l

where F° = () and for 1 < I < k, F' is defined above. Clearly if ¢ € Fj, then v{ ,(8) < o (8) < 7{(9).
{7 (6),1 <l < k} are called the associated delimiting numbers for F (or Fy, ..., Fy). In particular, we write
i (6) as 7 (6).

Let F(6) be the collection of all partial feasible sets with respect to §. Partial feasible sets have the following
monotonicity properties.

Lemma 4 (Monotonicity Properties of Partial Feasible Sets)
(a) Forany F,F' € F(0) where F C F' let F1, ..., Fy and F}, ..., F}, be the partial feasible partitions of F' and
F' respectively. Then for 1 <1 < k (note thatk < k'),

F’:Flu---EQF’l:F{U---F,’

and vE(8) < +F'(8). In particular, y5(8) < v (6).
(b) Forany0 < 0 < @', if F € F(8'), then F € F(0). In other words, F(6") C F(0). Moreover, yr(68') < vr(6).



From the above lemma, we see that yz(8) is an increasing function in F' and a decreasing function in 4.

For any 6 > 0, let M (6) be the largest element in F(#). Then the partial feasible partition, M;(8), . .., My () of
M (6) and its associated delimiting numbers, ¥ (8), . . ., v} (6) are defined recursively as follows: forl > 1,

M (6) = L - Y o)

ZjEN\Ml_l(e) ¢] jeMi=1(6)

and

My(0) = {i ¢ M'71(6) U{1}: au(6) < 6% (6)}
where M°(8) = 0 and M*~1(0) = M;(0) U - --U M;_,(6). Note that k is defined in such a way that if M,(6) = 0,
then k = 0; otherwise k is the largest ! such that M; # 0 but M;,(6) = 0. Hence, for any ¢ ¢ M () and 7 # 1,
a;(0) > &;vu (). In either case, M(8) = M*(6). 1t can be verified that M (8) is the largest element in F(6).
Therefore, yar (6) > vr(0) for any F' € F(0).

3.3 Sample Path Relations

For any § > 0 and fix an F € F(6). For i € F, define r{ (6) = o;(0) and for i € Ny \ F, rf(8) = ¢;vr(0). We
call rf () the feasible rate of session ¢ with respect to F' and 6.

Suppose Fi, . . ., F be the partial feasible partition of F', thus, F' = F; U - - Fy. Let F,; and Fj ., be any partition
of Ny C F,ie., Fri 1 UF, 3 = N\ FU Fi,, where either of them can be empty. Also let F; = @. Then from
the definition of Rf(@), we have that for 1 <! < k+ 2 and for any ¢ € Fj,

O < (e Y #F(0). (1)

< c—
z:jEN\Fl—1 ¢j jeFi-1
In particular, for any ¢ € Fy,,; = G or ¢ € Fy,, = F, the equality holds, otherwise the strict inequality holds.

Following the notation in [35], the relation (18) says that F'y, ..., Fy, Fxy1, F12 form a feasible partition of the
sessions in N; with respect to {r{ (6),4 € N;}. For i € N;, We consider a G/ D/ 1/co queueing systems where the
arrival process is the session ¢ arrival process A; and the service rate of the server is v (6). Let 62 (t) denotes the
backlog of the queue at time £, i.e.,

67 (t) = max{A(,1) — r{ (6)(t — 7)}. (19)
Clearly, 62(¢) > 0.
Now define

n} () = Qu(t) — & (2). (20)
n?(t) is difference between the session ¢ backlog of the GPS system and the backlog of the independent session %
G/ D/ 1/c0 queue.

From (19), it follows that for any integer 7 and £ such that ¢, < 7 < ¢,

Ai(r,t) < rF(0)(t — ) + 82 (t) — 82 (7). (21)
As S(7,t) = Qi(1) + Ai(7,t) — Qi(t) < Qi(r) + A;i(7,t), then from (21) and (20), we have

Si(r,1) <l (O)(¢ — 1)+ n(r) — ml(2). (22)
We claim (see Lemma 1 in [35]) that



Lemma 5 Let H be suchthat F'"* CH C F',1 <1< k+ 2, thenforanyt=0,1,2,...,

domE) = Qi) - &) <o (23)

i€H i€H i€cH

This lemma is very important, it suggests a way to compare the sample path behavior of GPS system with that of a
decoupled system consisting of a set of (independent) single queue systems, where each session ¢ is serviced by a
server of rate rf (6). Lemma 5 says that if H is chosen as required, then the aggregate backlog over sessions in H of
the GPS system is bounded above by the sum of the backlogs over the same set of sessions in the decoupled system.

Moreover, we have the following sample path lower bound on the output processes. The proof of the lemma is
relegated to Appendix A.

Lemma 6 Let H be suchthat F"* CH C F',1 <1< k+2,thenforanyt=0,1,2,...,

D Si(rt) > Y (Qi(r)+ min {A;(r, 1)+ r;(t —7;)}) (24)
ey jeH T7<71; <t
> ;{ Jmin {4;(7,7) + 75t - )} (25)

3.4 Statement of the Main Theorem

For any fixed @ > 0,let F € F(6) and G C N, \ F. Fori € Ny, rf () is the feasible rate of session i with respect
to F' and 8 defined in § 3.3.

Forz € N, and for u > 0, define

. () if p < 6
ap,(p,r; () = { TE(I;) - 5(5#5’(9) — A4 (6) oglerwise

where 6; is such that A', (6;) = rf ().

Note that a; (, f () is the effective bandwidth of the departure process when session ¢ is serviced by a server of
constant rate 77 (6).

Letr&(0) = Yice i (9), in particular, if G = 0, r&(6) = 0. Forany ¢ € IN,

Dg(-t) = { > (4i(-t,0) +5f(—t))} Arg(O)t. (26)
i€G(9)
For any p > 0, define
1 0
0 ERETR oD% (—t)
Ap, (1) = tll)rg ; log Fe (27)
and A2 (1)
g (1,5 (6)) = =22 (28)



From (26), clearly D% (—t) < r&(8)t. Moreover, from the fact that (a+b) A(c+d) > aAc+bAdwitha,b,c,d > 0,
we have

> {(Ai(—1,0) + &7 (—t)) Arf(0)t}.

1€G

Therefore, for any p > 0,

Z aDi(/‘l‘i TZF(G)) S Qpg (,U,, TG( < TG Z’I’ (29)

1€G i€G
Now we are in a position to state the main theorem of the paper.

Theorem 7 Suppose that {a;(—t),t =0,1,2,...},i=1,2,...,n, are independent and satisfy (Al), (A2) and (A3).
Moreover, assume that the stability condition ;. Ea;(0) < c is satisfied. Then,

lim sup — log Pr{Q, >z} < -6 (30)
T —r 00

where

6* = argsup {F € F(0)and G C Ni\ F:a4(0) < L S (c = > " rf(6) — ap, (8 rG(H))>} (31)
0elR ZJeN\(FUG) 9; ieF
and

11rr_1)1nf—log Pr{Q, >z} > —p. (32)

where
Py = oléllgiFrenfl?G)sup{# €ER:oy(p ZO‘D (u,77(9)) < c}. (33)

1£1

4 Proof of the Main Theorem

The proof of the Main Theorem is divided in two parts. The upper bound part is proved in § 4.1 and the lower bound
part is proved in § 4.2. In § 4.3, some ramifications of the Main Theorem are discussed.

4.1 Proof of the Upper Bound

To prove the upper bound (30), it suffices to prove the following lemma.

Lemma 8 Given the assumptionin Theorem 7, for any 8 > 0, let F € F(6) and G C N, \ F. If

ar(0) < (= S rF(8) — any (6,75(9)), (34)
Y jen\(Fuc) @i icF
then
lim sup—log Pr{Q, >z} < —4. (35)
Z—>00

10



Proof: First observe that

Q.(0) = rtré%\),c{Al(—t, 0) — S:1(—t,0)}.

where the maximum is attained by any ¢ € IN such that Q(—t) = 0.

(36)

Let ¢ be the smallest t € IN such that Q,(—t + 1) = 0. In other words, session 1 is idle at time —¢, but is busy

throughout (—¢,0): forany 7 € IN,0 < 7 < t,Q:(—7+ 1) > 0.
Applying Lemma 5 with H = F and using (22), we have,

D Si(=4,0) < D (rf(O) +u7(~) — n(0))

JEF JEF

< Z(rf(@)t + 5]9(0))
JEF

as Y icp n?(—t) < 0and 7¢(0) = Q;(0) — 82(0) > —47(0).
Then from the definition of GPS, we have

)) = > 8 (0)

iEF

1
Si(~t,0) > —— Si(
Z]EN\F ¢.7 ‘LEZF
> _ % CEDRAOIEDIHA))
Z]EN\F ¢] 1€EF iEF
R ()] . o) ()
Z]EN\F ¢] icF ZjGN\F ¢-7 icF
> (Y @) - Y 80)
Z]EN\F ¢] 1€EF iEF
where the second inequality follows from (37) and the last inequality holds as >, » 62(0) > 0.
e i
Note that ¢ = ¢ 1-— 2ico , thus
ZjeN\F é; ZieN\(FUG) é; ( ZjeN\F ¢j)
¢ Z G ¢Z
Si(—=t,0) > —————(ct— ) - EE T (et - 7
Z]eN\(FUG) ¢] ZGZF Z]eN\F ¢J ZGZF
= L(ct—z:rf( 0)t — r&(0 259
ZjeN\(FuG) ;i ieF ieF
F F Dica® F
where we recall that 75 (60) = > ;e 7 (6) = 5 e (c = Yicrri (6)).
FEN\F 77

On the other hand, applying Lemma 5 for H = F' U G, we have

Y Si(—t,0) < D (Qu(—t) + Ai(—t,0) < T (67(—t) + As(—t,

icFUG icFUG icFUG

as ZieFUG Qi(_t) < ZieFUG 51'9(_t)-
Using (21) for z € F', we have

0 Si(—t,0) <> (rF(0)t+ 87(0)) + D (67 (- (—t,0)).

1EFUG iEF 1€G

11

0))

(37

(38)

(39)



Therefore,

Si(~t,0) > L(et— ) Si(—t,O))

T Yjen\(Fuc) i i€FUG

¢1 0 _ _ 0
_m(ct—Zr ~S(60(~t) + A(~1,0)) 251(0))

icF i€G icF

:—(ct—Zr Z —t) + A(-t )))_%2&9(0)

Z]EN\(FUG) ¢] icF ic@ jEN\(FUQG) ¢] icF

¢—(Ct_zr S (=) + A= ) 3°62(0) (40)

Z]EN\(FUG) ¢-7 icF icG icF

where the second inequality follows from (39) and the last inequality holds as >, » 6?(0) > 0.
Combining (38) and (40), we have

et JEL)
Si(~,0)> [ =—2 et — S rF(0)t — rE(O 89
(=4,0) (E,EN\(M)@ 2 2

é1 0 (_ _ 0
Y (E]EN\(FUG) ;i {Ct - ;r ; G0+ Ad t’o))} ieZF(SZ (0))
- st (a- SO {SE 0 acuopfarkor) - S
ZyeN\(FUG) ¢J icF i€G icF

Hence,

Q1(0) = max{A(~¢,0) — 5:(~,0)}
< rtrel%gc{Al(—t,O) R S (ct — Zr

Y jen\(rua) 9

1€EF
= {2(55(—t) + Ai(-t, 0))} A rg(ﬂ)t) + 255(0)}
1€G iEF
¢1 ( o 0
= max{ A4;(-t,0) - =———F |ct — r; ()t — D¢ + > 46 ( 41
telNv { Y jen\(Fuc) @i 1621:1 ;
where the last equality follows from the definition of D% (—t).
For any p > 0, recall that
.1 _
Jim - log Ber =0 = A, (u). (“2)
and from the concavity of the function ¥ where 0 < 9 = ﬁ < 1,we have
FJEN\(FuG) "7
lim 1log Ee**Ps(-) < lim llog(Ee"Dg(_t))‘/’ = YApe (43)
t—oo ¢ ~ tooo t Dg-

12



(42) and (43) implies that for any € > 0, there exists a . such that forany ¢ > ¢.,t € IN,
Eer4:(-1,0) < elhay(n)te)t (44)

and R ,
Fet¥DE(-1) < e(¢ pg, (#)+e) ‘ (45)

Moreover, for ¢ € F,if p < 6, then o;(p) < o;(8). Then, from (7), Eet(0) < oo, Therefore, by independence of
87(0), we have that for 0 < p < 6,

Fet2ier%0) _ H Eer 0 — ) < oo. (46)
icF
Now from (41), we have that for 0 < p < 6,
Eer9:(0) < Z Eexp p(Ai(—t,0) — ¢(c— er( )t + 9 DE(—t) + 259

teIN iEF iEF

C.+C Z expt(Ag, (1) + ﬁ)et(¢ADg(u)+5)e_tu¢(c_2iei‘ 7 (6)) (47)

t>t.

IN

where the last equality follows from (44), (45) and (46) with C, being a constant that depends on €.
Note that if exp{A 4, (1) + P Apy (1) + 26 — ptp(c — X 77 (0))} < 1, then

Z et(AA1(ﬂ)+5)et(”’ADé(")J’E)e—t“‘/’(c—ziep rF(6))
t>t,
_exp{(A4, (1) + YApg (1) + 26 — ppp(e — Xicp i (0)))te}
11— exp{A4, (p) + ¢ADg (1) +2e — pap(c — Yier ri(0))}
Therefore if exp{A., (1) + ¥Apg (1) + 2¢ — uth(e — Siep rF ()} < 1 or Au, (1) + ¥Aps () + 2¢ — ph(e -
SicrrE(0)) < 0, then Ee#?:(0) < co.
Now by Chebyshev’s Inequality, for any z > 0,

Pr{Q:(0) > 2} < e ** Eet?:(0),
Thus if A.s, (1) + $Aog, () +2¢ — pap(c - ZZGF F(6)) < 0, then

lim sup — log Pr{Q:(0) > z} < —p. (48)

T —r 00
Taking e — 0, and noting that ap, (11, 7&(8)) = aps (B) = YAps (1)/p, we have that if o, (p) + Pap, (1, r&(0) —
Yle— Y crri(0)) <0,0rar(p) < ¥(c— Y ;cpri (0) — apg (1, 7E(6)), then, (48) holds for any positive p such
that p < 6.
Lastly, taking g — 6, we have that if

¢
(0 < =—2—(c— L(0,7E(6
a,(6) < " (c Z§€Fr — ape(8,7¢(9)),

then
hmsup—log Pr{Q.(0) > z} < —4.

T —r 00
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4.2 Proof of the Lower Bound

To prove the lower bound (32), it suffices to prove the following lemma.

Lemma 9 Given the assumption in Theorem 7, for any fixed 8 > 0 and F € F(0), let u¥ (8) € IR be such that

pE () =sup{p € IR : a;(p) —I—ZaD u, 7 (9)) < c},
1£1

ie., uF (8) is the solutionto ay(p) + 3.1 ap, (1, 7F (8)) = c. Then
Ky 1£1 i i

lim 1nf log Pr{Q, >z} > —uf (6).

T —r 00

Proof: Recall that
Q1(0) = max{4:(~1,0) - S(~t,0)}.
As Y 1 Si(—t,0) < ct, we have that S;(—¢,0) < ¢t — 37, S;(—t,0), hence

n

Q:1(0) > %%&C{Al(—t, 0)+ Y Si(—t,0) — ct}.

1=2

Applying Lemma 6to H = FUGU E = {2,...,n}, we have

n n

ZSi(—t,O) Zoglfmt{A( t,—) +rF (0)n}).

Hence n
Q.(0) > rtré%\)[c{Al(—t, 0) + ; orgrgrglt{Ai(_t’ —7;) + i (0)T} — ct}.

In other words, for any ¢ € IN, we have
Q.(0) > A;(—t,0) + Z;OISI‘IriiISlt{Ai(_t’ —7;) +rF (0} — ct.
Forany z > 0,lett = L%J where 8 > 0 is a constant fixed temporarily. From (52), we have

11m1nf logPr{Q (0) > =}

z—00 m

— E 1i?21;vnf 7 log Pr{Q.(0) > Bt}

B8
> Liiminf Llog P t0/t+ZB“’ t)/t>c+p
_IB 1¥r€1ﬂlvn : ogrr [

1. .1 ~
> — 11£r61111vnf¥ log Pr {Al(—t, 0)+ Z Orsrgrslt{Ai(—t, 1)+ rf(0)T} — et > ﬂt}

14
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where B (—t) = ming<r,<:{Ai(—7,0) + rF (6)(t — )} = mino<r, <t {Ai(—t, —7:) + rF (6)7:} by stationarity of
the arrival processes.
From Lemma 3, {B?(—t)/t,t € IN} satisfies the LDP with the rate function A%, (z) as defined in Lemma 3 with ¢

replaced by rf (6). Moreover, {A;(—t,0)/t,t € IN} also satisfies the LDP with the rate function A% (). Hence,
by the Contraction Principle (see, [9]), we have

lim infllog Pr{Q.(0) > =}
z

T —r 00

1 n
> = inf {A%, (a1) + ) Aje (i)}
,6 {((x1,a2,...,an):z::1 az;=c+8} 4 ( 1) 'Lz:; BI( )

As 8 > 0 is arbitrary,
N |
llrglnf— log Pr{Q:(0) > z}
z—00

> —inf inf
B0 {(a1,a,mmyan):3 7 cs=ctB}

{ A%y, (o) + 325mp A (u) }
B

_ A%y, (a) 4+ 3055 A ()
= - lnf{(al,ag,...,an):z;zl az;>c} Z?—l a; — ¢
We claim that A% () + 5, A%, ()
* o _I_ ;’L: *‘e o
inf { A } = i (6) (54)
{(al,ag,...,an):Z:=1 a;>c} Zi:l a; —¢

where, by definition, uF (6) = sup e g{aus, (1) + X0 ap, (1, 7 (6)) < c}.
For any o € IR, define

I{a) = inf {Af41 (a1) + 2": A*Bg (ai)}

a1,02,...,0n € IR =2
Z?:l i =

and let I*(u) be the Legendre-Fenchel transform of I(a), i.e., I'(p) = supger{ap — I(a)}. It is easy to see

that I*(p) = A, (p) + 355 Ape(p) where Age () = sup,c p{ap — A, (a)}. In particular, let 6; be such that

A;,I_(éi) = rf (). Then fori € G, asEa;(0) < r{ (6),

A ze (,U,) — AA«;(IU') . . 1f,u < éi
B rE(0)p — vF(0)8; + A4, (0;) otherwise.

K

ap; (i, r{ (0)), we see that in either case, ap, (i, { (0)) = Ape(n)/p. Clearly uf(8) = sup,p{aa,(p) +
Yoicsap, (1,7 (0)) < ¢} = sup,p{I*(1) < cp}. To show (54), we note that

inf {Af‘“ (20) F 2uiza A (%) } — inf { I{o) } . (55)

n n
{(a17a27""a"):2i:1 ai>c} Zi:l a; —¢ a>cla—c

For i € E, as Ea;(0) > r{(0), Age(p) = r[(0)p. ap,(p, 7 (8)) = Ape(p)/p. From the definition of
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Then, for any g such that I*(p) < cp, I(a) > pa — I*(p) > p(o — ¢). Hence,

I
inf { (2) > p.
a>c o —¢C
Since the above inequality is true for any g such that I*(u) < cu, we have

LCIE

a>e la—c
Now leta* = I* (uf' (6)) = A%y, (pF (8)) + 75 Algo (1 (6)), then I(e*) = o* uf (8) — I* (uf (6)) > 0. But, from
the definition of pf (), we have I* (uf' (6)) = uf (6)c, therefore

inf{ I{a) } < 1) _ e,

a>c la—c) ~ ot —c *

Hence (54) holds. This completes the proof of the lemma. "

4.3 Discussion

In this section, we discuss some ramifications of the main theorem (Theorem 7).

First we claim that for any 8, 0 < 8 < 6*, there exists F' € F(0) and G € N; \ F such that the condition (34) in
Lemma 8 holds. This is a consequence of the following lemma, the proof of which is relegated to Appendix B.

Lemma 10 Forany 0 > 0, if there exists F € F(0) and G € N\ F such that the condition (34) in Lemma 8 holds,
then for any 0 < ' < 8, (34) also holds, i.e.,

(@) < =2 (e~ T (@) - an, (0, 75(0)).
ZjeN\(FUG) ¢J i€EF

From the proof of Lemma 10, we see that as long as F' € F(6), the right hand side of (34) is an decreasing function
of 6.

In particular, for any 8 > 0,as § € F(8), we have
6* > 65 = sup{f € IR : a;(0) < ¢ — ap,, (6,7%,(6))} (56)
ZieNl b:

where rg{,l (0) = == 5 C is independent of 6. 8} is the upper bound obtained in [11] for a general multiple-queue

j=177

GPS system.

Now we fix a § such that 0 < § < 6*, and see how the choice of F' and G affect the right hand side of (34).
Consider two arbitrary pairs of sets (F, G) and (F',G') where F, F' € F()and G C N; \ F,G' C N, \ F'. Let
E=N;\(FUG)and E' = N; \ (F'UG"). Define ¢(F, F') and A(E, E') be such thatif if E C E',(E,E") =1
and A(E,E') = E'\ E;whereasif E D E',(E,E') = —1land A(E,E') = E'\ E'. Then

&1 _ &1 Yicas,e) P
YiemFue) 9 2jemufi} P > jeruf} 9

(1+ o(E, B ).
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Using this relation, it can be easily checked that

P (e 3 a(0) - oy (6,77 (0))

Yiemrue) b jer

e (e Y a5(6) - an,, (67T (9)) (57)
Yienm\ruen % e
if and only if
o, (0,75 (0)) + apy (0,77 (0) + irr Y a(0)
i€EA(F,F')
ZieA(E,E') &i F
i BBV P (N (0) — ap, (6,77 (6))) < 0. (58)

Z]’EEU{l} ¢J’ jEF

In the case where F' = F' and G C G’ (thus F D E'), then (57) holds if and only if

M(c — Z a;(0) — ap, (9, Tf(e)))

ap,, (8,7 (0)) < ap, (8,7 (6)) +
E]’EEU{l} ¢]' jeF

On the other hand, in the case where G = G’ and F' C F (thus F D E'), then (57) holds if and only if

M(c — Z ;(0) — ap, (8,77 (0))) < Z ai(0) + apg (6,7:7(9)).

EjeEu{l} ¢j jEF i€F\F'

ap,, (6,7 (6)) +

In particular, let G = @ and F = M := M(6). Then for any F' € F(6), we have F' C M, thus Yieanm 0i(6) <
>iean\r Piva(8). Therefore,

¢ ¢
= (c— o;(0) < =———(c— o;(9)). (59)
Yiemr 9 ,;, ! Yienm P ,;M !
This fact can also be proved directly using Lemma 4(a).
Define
- 1
6* = argsup {F €EF):01(0) < =—(c— rf(@))} . (60)
6cR ' E] EN\F ?; ZEZF
Then from (59), we have
. 1
6* = sup {0 €ER:01(0) < =—(c— er”(e))} .
E]'GN\H ¢j i€F
Hence, we have the following corollary.
Corollary 11 Under the same assumptions in Theorem 7, we have that
1 .
lim sup — log Pr{Q; > z} < —6". (61)

z—oo &
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This corollary can be proved under much weaker assumptions than those of Theorem 7 (see Theorem 1 in [34]). In
practice, since ap, (8, 75(6)) is usually impossible to compute, (60) may be more useful than (31). In [34], (60) is
used as the basis for constructing feasibility tests and call admission control schemes under GPS scheduling. The
interested reader is referred to the paper for more details.

We now turn our attention to the lower bound. For any 6 > 0 and F' € F (), let uf () be defined in (49). Then by
definition, g, = infge g Minpe £ (g) 15 (6).
Define

6, = argsup {VF € F(0): a:1(0) + Zapi(e,rf(e)) < c} .

0cR i
Forany 8 < 6, by definitionof 8, , o1 () +3,., ap, (8,7 (8)) < cforall FF € F(6). Asforafixedd, ap,(p, r{ (6))
is an increasing function of g, we have uf' (8) > 6 for all F' € F(8). Therefore minpe (o) pf (6) > 6.

In particular, for any § < 8*, from the definition of #* and Lemma 10, there exists ' € F(6) such that the right hand
side of (34) holds. By the following lemma (the proof is left to Appendix B), we have that 8* < @,.

Lemma 12 For any 8 > 0, if there exists F € F(8) and G C N, \ F such that

P (=3 ai(0) - ap, (6,75(9))),

() < =————
ZjeN\(FUG) ¢J’ icF

then for any F' € F(6),
a;(60) + Zapi(e,rf (9)) < c.

i#£1

As a consequence, minge £(oy pis () > 0.

On the other hand, for any 8 > 8, , there exists F € F(#) such that a1(6) + 3,,, ap, (8,7 (0)) > c. Again as for
afixed 6, ap, (i, v{ (9)) is an increasing function of ., we have pf (6) < 8. Therefore p, < minge ey pf (6) < 6.
Therefore, u, € [6*,6,].

In summary, we have the following relation.
NP | . 1 . Au
-0, < —pu, < 11rr_1)1nf—log Pr{@Q; > z} < limsup —log Pr{Q; > 2z} < —6" < —6".
r—oo z—o0 &

Lastly, as a special case, we consider a two-queue GPS system. Without loss of generality, we assume ¢; + ¢ = 1.
First, if a3(0) > ¢,c, then for all 8 > 0, F(8) = {0}. As~¥2(8) = ¢ycand ap,(8,72(0)) = ap,(8, ¢2¢) = ¢yc, we
see that * and p, are equal and are the unique solution to a1 (6) = ¢sc.

If a3 (0) < ¢sc, for any 8 > 0, F(6) contains either F = 0 or F; = @ and F; = {2}. As ap, (0, d2c) < as(8), we
see that 6* and p, are again equal and are the solution to &1 (0) + ap, (6, ¢2c) = c.

Hence in the case of two-queue GPS system, the upper bound 8* equals the lower bound g, and we arrive at the
same conclusion as in Part I of the paper.

18



5 Conclusion

In this part of the paper, we present tight upper and lower bounds on the asymptotic decay rate of the queue length
tail distribution for a general multiple-queue GPS system. When there are only two queues, the lower and upper
bounds match, yielding exactly the same result proved separately in Part I of the paper [33]. The proofs are based
on the sample-path large deviation principle and exploit the complicated bandwidth sharing structure of the GPS
scheduling by introducing the notion of partial feasible sets. Our results are more general than the results of [11] on
the multiple-queue GPS systems.

The GPS system we examined uses a discrete-time model. The results of the paper may be extended to the continuous-
time model by imposing appropriate conditions (corresponding to (A1), (A2) and (A3)) on the continuous-time arrival
processes. Then the arguments of this paper can be applied to pass from the discrete case to the continuous case (cf.,
the proof of Theorem 5.1.19 in [9]). Methods, for instance, employed in [17, 2], may also be used to establish results
for the continuous-time GPS system.

The paper deals only with the large buffer asymptotics under the GPS scheduling. Another future direction is to
study the asymptotical behavior of the GPS scheduling with a large number of sources a la the methods of [29, 3].

Acknowledgement I am indebted to Prof. Richard Ellis for teaching me Probability Theory and Large Deviation
Theory and to my advisor Don Towsley for encouragement and many helpful discussions.

A Proof of Sample Path Lower Bound on Output Processes

Proof of Lemma 6: First note that (25) follows directly from (24) as -, 5 Q:i(7) > 0.

Let m = |H|, we prove (24) by induction on m. The proof follows the same line of argument as in the proof of
Lemma 1 in [35].

From the definition of rf (), we see that there exists a partial feasible ordering among sessions in H . In particular,
an ordering of the sessions in H such that any sessions in F;; N H are ordered before sessions in F;; N H for any
[ and sessions in the same F; U H are ordered arbitrarily is a partial feasible ordering. Fix such a partial feasible
ordering. For simplicity in notation, we denote this ordering as 1, ..., m. We also drop F and 6 in »{ () in the
following proof.

Whenm = 1,lety, 7 <7 < ¢,besuchthatforany 7{,7 < 71 <¢,Q1(7]) > 0and Q(71) > 0 where Q,(11) > 0
if and only if 7; = 7 and Q(7) > 0. In other words, session 1 is busy throughout the time interval |7y, t] which is
contained in [7, ¢]. Note that by this choice of 7;, we have

Si(r,t) = S1(r, 1) + Si(m1,t) = Q1(7) + As(7,71) + Si1(71, 8).

By the definition of GPS and the fact that r; <

& we have

Doy b

Si(m, t) > fil(t — ) >t — 7).
j=1 %7

Therefore,

Si(r,t) > Qi(7) + Ai(7, 1) +r1(t — 1) > Q1(7) + min {Ai(7,71) +7r:i(t — 1)}

7<T: <t
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Now suppose the lemma is true for m = 1,2, ...,4 — 1 over any time interval [, t], we show that it is also true for
m=1.

Let ; € [r,t] be such that for any 7} € (7, %], Q:(7{) > 0 and Q;(7:;) > 0 where Q;(7:;) > O ifand only if 7; = 7
and Q;(7) > 0. In other words, session i is busy throughout the time interval [7;, ] which is contained in |7, t]. Note
that by this choice of 7;, we have

Si(r,t) = Si(1, 1) + Si(m, 1) = Qi(T) + Ai(7, 73) + Si(mi, t). (62)

As
Si(1i,t) = Qi(m) + Ai(m) — Qi(t),
if Qi(t) < Qi(m) + Ai(mi, ) — ri(t — 1), then S; (7, ¢) > ri(t — 7).
Hence
Si(1,t) 2 Qi(7) + Ai(r, 1) + ri(t — 1) > Qi(T) + Tr<r}-i-2t{Ai(T’ 7;) +ri(t — 7))}

Using the induction hypothesis, (24) then follows easily.
Now assume Q;(t) > Qi(7) + Ai(7i,t) —ri(t — 7). Letz = Q;(t) — Qi(7) + Ai(7,t) — r;(t — 73), thenz > 0 and

S,L'(Ti,t) :Ti(t—Ti) — . (63)
As
¢. 1:—1
r; < - (1 - ’I"),
Sili i ; ’
from (63), we have
i-1
Si(m:,t) < 13151 (1—er)(t—7'i)—m. (64)
Zj:i ¢] j=1
Moreover, by the definition of GPS, for any j,
&;
Si(Ti, t) > —S]'(Ti, t)
?;
Thus
N N é
Y Si(mt) < (D 2H)Si(m,t)
j=1 j=1 7%
Using (64), we have
N 1—1 ¢
ZS](TZ,t)<(t—Ti)(1— r])—mz J
j=: j=1 j=1 1
i-1
<({t-m)1-) rj)—=. (65)
j=1
On the other hand, since the system is busy throughout [7;, £],
i-1 N
Z S]'(Ti, t) =1 - T — ZS]'(T,L', t)
j=1 =i
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From (65)
ZS](T“ (t—m) Zr]—l—m

Adding (63) to (66) yields

% %

ZS]-(Ti,t) > (t— 1) er.

j=1
Applying the induction hypothesis to sessions 1, 2, ...,% — 1 over [1, T;], we have
i-1 i-1
> Si(rm) > 3(Qs(r) + _min {A;(r,7) + 73(r 7)),
j=1 j=1

This, combining with (62) and (67), yields

i—1

isj(r, t) = Z'E::S]-(T, ;) + ZS]-(Ti, t) + Si(r, 1)

> Qi(r) +Z

min {4;(7,7) + (7 —Tj)}—I—Ai(T,Ti)—I-i:Tj(t_Ti)

r<r; < =
22@7 Z m1n {A T,7;) +ri(t — 7))}
i=
This concludes the proof for the lemma.
B Proofs of the Two Lemmas in Section 4.3
Lemma 10 For any § > 0, if there exists F' € F(6) and G € N; \ F such that
@ (6) < (e~ Y () — ang (6,77 (9)))
Yiemrue) 9 jcF
then for any 0 < ¢’ < 6,
an(0) < o= Y ay(0) — e, (0, ().

ZjeN\(FUG) ¢J’ jEF

Proof: From Lemma 4(b), F € F(8) C F(¢) and vr(0) < v#(6'). Therefore, for i € G, rf ()
divr(0") = rf (6"). Hence, forany t > 0,
&(=t) = sup{Ai(-7,—t) - [ (6)(7 - 1)}
T>1

> sup{A;(—7,—t) - r(¢')(r - t)}.

T>1

= &(-1)
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(67)

(68)

(69)

= ¢ivr(0) =

(70)



Moreover,

S here(6) = 2<% (oS ay(e))

i€EG EjEN\F ¢j jEF
2icc P , Yica Pi )
= =T T (e — a:(0")) — —=1€G v 0 (6) — o (0
2 jeN\F ¢j( ; i(0) Yienr b5 JEE;( ;(6) i(0)
> 3 dae(®) = Xo(5(0) - 5(0) o

where the last inequality holds as o;(8) — o;(6") > 0.
Now from the definition of D%(—%) and using (70) and (71), we have

Dg(-t) = {Z(A( t,0) + 67 (- } (Z«m )

1€EG e
> {Z(A (—t,0) + 67 (- } (Z $ivr(0)t — > (a;(6) — a]-(@’))t)
1€EG i€G jEF
> (S0 ol a (Sono ) - (a0) - a0
i@ icG jEF
asaA(b—c)>aAnb—cfora,bc>0.
Therefore,
ape (6,76(8)) > ape (6,76(6) — Y _(5(8) — &;(0") > aps (8, 7E(8))) — D (2;(8) — o5(8)).  (72)
JEF JEF
substituting (72) in (68) and noting that a1 (8") < o (), we have (69). "

Lemma 12 For any § > 0, if there exists F' € F(6) and G C N; \ F such that

¢
1 0 4 G 0 0 73
a1(6) < S oo ¢] ;a — apg(0,76(9))), (73)

then for any F' € F(6),
0) + > ap,(6,7] () < c. (74)
i£1

As a consequence, mingc (o) g1 (8) > 6.

Proof: Let E = N; \ (FUG)and E' = N, \ (F' UG"). We first observe that (73) implies (74) with F’ = F, this
is because

o(0) < e— Zai(e) — apg (0,7’5(0)) — ZZGE ¢ (c— Zaz — ap,(0 rG(O)))
icF ZZEEU{l} ¢ icF
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< o= Y all) - Y an,(0,F(0) - EP (e T a(0) - e (6))
i€F i€G 2iepu{1y i i€F icG
< ec— Zai(e) — Zapi(é? 7
icF i€G
Z'EE ¢i Z €] ¢z
BT (Y oy(0) - ZEEET (e ) (6
ZieEu{l} b ; EzeN\F ¢ ZEZF
= c— Zal(e) - ZaDi(eirzE(e)) - Zri
iEF i€G icE
: : A Dicn®
where the first inequality follows from (73) a8 —2—+ =1 — , the second inequality follows from
ZieN\(FuG)qs’ Z EEU{1}¢

the fact that 3>, ap, (8, r{ (6)) < apg (8, 7E(0) < rE(8) = 3o ri (0) and the last equality holds as for ¢ € E,
ri(6) = ﬁ(c — Xier @i(0)).

iEN\F
Asfori € F, o;(8) > o;(8, 7 (6)) and for ¢ € E, rf(6)) > ai(e rF(H)) we have
0) + > ap,(6 ) <e. (75)
1£1

If F C F, from Lemma 4(a), 77 (6) < 'yF(O) thus for any i € GU E, vF(0) = ¢iyr(8) > ¢ive (8) = vF (9).
Therefore, ap, (8, 7F (8)) > ap,(8,7F (8)). Moreover, fori € F, o;(8) > aDi(O, ' (8)). Therefore (74) holds for
any F' C F.

Now we consider any F’ € F(8) such that F’ O F. We first prove a somewhat different claim, then use this claim
to show that (74) holds for any F’ € F(8) such that F’ O F.

LetVF = F'\F,VG =GNVFand VE = ENVF. Then VF = VGUVE. Furthermore, define G' = G\ VG
and E' = E\ VE. Then ¥ UG'U E' = N;.

Claim 13 Let F' € F(0) be such that F' D F and for any i € VF, o;(0) < vf(8) = ¢;vr(8). Then
00 (0) < P (e = Y an, (0,7 (0)) — aupg (0,75(0)), 76
E]eEu{l} ¢] i€F
implies

P (= Y ap, (6,7 (8)) — any, (6,75(6)). )

o1(0) < ——
ZjEE’U{l} ¢] icF!

To prove the claim, we first note that

— ; c — o _ ]- _ Zjevp¢j c— o
0 2ijemr ¢"( ; )= 2jen\r qb,-(l 2jen\r ¢j)( Jzel; /)
= ; c— o Yy _ M c— o
B Y jeN\F ¢J( ];, 5 (0) + jezv:F i(0) > ienp ¢]( ; i(9)))

S G SLIOED SLVCED SR LR )
e (6) - : > [ (6) — o5(9)).

2ienr 95 jev
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Let (r(6) = Z-e:\w o Licvr(ri (0) — a;(0)), then v (0) = yp (6) — (p(0). Now

re(0) = Y ¢rr(0) =D divr(0) + D divr(0)

= i bivr (6) —eei; $:i(r(6) +ZT§G bivr(6),
and

X 60r0) - T 00 = X pe3el0) - %2((@ - o;(6))
LR CORIOR %Zue) ~ o (6))
= O X 070 e 0)

PRSI S (F(0) ey (0) + RIS (07(0) -, (0)

= ¥ T %2((@ ~ ay(0)) + %Zue) - o(0))
SR %2((@ - o;(6))
> 2\7)G rf ()

where the last inequality holds as fori € VF = VGU VE,rF (6) = a;(6) < rF (6).

Hence,
rg(8) > g () + > v (6).

Now for any ¢ > 0, recalling the definition of D%(—t), we have

Dg(-t) = {Z(Ai(—t,0)+5f(—t))}/\(ZsbﬁF(@)t)

= { L;w—t, 0)+ 6f<—t>>] - Le%(“"'(‘t’ 0)+ 6f<—t>>] }
Ao 3 o on)

> {%(Ai(—t, 0)+ 6f<—t>>} A (rE (0)2) + {iegG(Ai(—t, 0) + 5f<—t>>}
o)
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> {2<Ai<—t,o> +6f(—t))} (r& @) + 3 ([Ai(—t,0)+ & ()] A rF"(O)2)
1€ G’ 1€eVGE
where the last two inequalities follow from the fact that (a+b) A(c+d) > aAc+bAdfora > 0,b > 0,¢ > 0,d > 0.

Therefore,
e (0,75(6)) > ap,, (0,75(8)) + 3 ap.(8,75(6)). (78)

e

Now from (76), we have

o (0) < il (1- Licvs $i )(c—Zam(e,rf(e))—aDG(e,rg(e)))

ZjeE’U{l} ?; Z]’EEU{l} ;i i€F
¢ F
. S — 0 0
o { - 300,077 (0) ~ 00, 0,7E(0)
_7ZiGVE ¢ (c - Zapi(e, r{ (6)) — e (6, 7'5(0))) } : (79)
EjeEu{l} ¢j i€F

Since for i € F, ap, (0, rf (0)) < rf(8) = a;(0), and ap, (0, r&(0)) < r&(8) = 2 G¢'(c — Y ier @i(0)), we
FEN\F "7
have

Yieve % (c — 3 ap, (6, 7F (6)) — ap, (6, rg(e)))

E]’EEU{l} 9; i€F
ZieVE (o ZieEU{l} i c
T Yjenu{1} P 2jemr @5 e

= > ¢ivr(0) = D r(6). (80)

iEVE i€VE

From the assumption in the claim, for i € VE, »F(8) > a;(8) > ap,(8, v (8)). This, together with (79) and (80),
yields that

IN

al(e) ¢7 { Z aD — Opg (0: rg(e)) - Z aDi(07 Tf’(e))}

Z]eE'u{l} ¢] = 1€EVE

_H
Yjenuqy i { ; o

= > an. (8,77 (6)) — ang, (6,76 (8) = 3 ani(e,rf'(e))}

e i€VE

P (S ap. (0,75 (0)) + an,, (6, 75(0))
ZjeE’U{l} ¢J’ icF!

IN

where the second inequality follows from (78) and the fact that for i € F, ap,(8,7F(0)) = ap,(6,rF (9)). This
completes the proof of the claim.
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We now use the claim to show that (74) holds for any F’ € F(0) such that F* O F.

Let F!, ..., F! be the partial feasible partition of F’ and v (8),...,v (8) be the associated delimiting numbers.
Let F} = @ andvZ'(8) = 0. Then F' = FiU...F} and foranyi € F},vF1(8) < s (8) <~f (8),1=1,...,k. In
particular, foralli € F', oy (8) < vF' (6) = v (). Let F"' = F!U...F]. Since F C F',by Lemma4(a), there exists
m,1 < m < k,suchthat F C F"™ but F ¢ F'™ " In other words, we must have v%_,(8) < v#(8) < vE (8).
LetGo = F,Gy = FUF’I_l,and forl=2,...,k—-m+2,G, = =2 withGy_mi2 = F'* — F'. Then we can
check thatforany ¢ € VG, = G411 \Gi, 1 = 0,1, ..., k—1,0;(8) < v¢(0). Inparticular, fori € VG, = F’l_l\F,
() < ¥E,(8) < vr(8) = v, (8) and i € VG, = F')\ F, o;(8) < 4F (8) = vpi-1(0) < ve,(8) where the last
two steps follow from the definition of ¥/ (8) and Lemma 4(a).
As Y icr i(0) > Yicp ap, (0, rf (6)), clearly (73) implies that (76) holds with G, = F. Then by the claim, (76)
is then true for G;. Applying the claim recursively to Gy, . .., Gx_m11, Wwe have that (76) is true for Gy_,, 2 = F'.
Therefore (with G’ and E' appropriately defined)

$1

aq(0 e (= ap. H,TFIO —aD,H,rF’G’H
(0) < ZjeE’U{1}¢j( EEF: (6,77 (0)) o ( (9)))

= = Y ap,(6,7'(6)) — e, (6,77 (9))

icF’

- e (o (6,17 (6)) — (6,77 (6))
ZjeE’U{l} ¢j i€ F’

< = ap, (8,7 (9) - ap,, (6,77 (0)) - Y rf(6)
icF’ icE’'
< c— ZaDi(H,rf’(e))-
i£1
This completes the proof of the lemma. "
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