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Abstract

Routing optimization is used to find a set of routes that minimizes cost (delay, utilization). Previous work has
addressed this problem for the case of a known, static end-to-end traffic matrix. In the Internet, it is difficult to
accurately estimate a traffic matrix, and the constantly changing nature of Internet traffic makes it costly to maintain
optimal routing by responding to traffic changes. Thus, it is of interest to maintain a set of routes that are “good” for
a number of different possible traffic scenarios. In this paper, we explore ways to find an optimal set of routes with
multiple traffic matrices to minimize expected cost. We focus on two general approaches, source-destination routing
and destination routing. In the case of source-destination routing, we extend existing methods with a single traffic
matrix to solve the optimization problem with multiple traffic matrices: we extend the convex optimization solution
methods for a single traffic matrix to the multiple traffic matrix case; we also extend the gradient-based solution
methods for a single traffic matrix to the multiple traffic matrix case. However, the multiple traffic matrix case requires
many more control variables. In the case of destination routing, we encounter many more differences from the single
traffic matrix case. The loop-free property, which is valid for the single traffic matrix case, is no longer valid for
the multiple traffic matrix case, and it is difficult to extend existing methods for a single traffic matrix to solve the
optimization problem with multiple traffic matrices. We show that it is NP-complete even to determine the feasibility
of multiple traffic matrices. We thus propose and evaluate a heuristic algorithm for this case.

I. INTRODUCTION

Routing optimization is used to find a set of routes, i.e., the set of paths along which packets are forwarded in order to
optimize a well-defined objective function (such as delay or utilization). Routing approaches are generally divided into
source-destination routing (henceforth referred to as flow routing) and destination routing. As a packet travels through
a network, a flow routing approach such as MPLS [1] forwards it based on its source and destination addresses. A
destination routing approach such as OSPF [2] forwards it only on the basis of its destination address. Destination
routing is unable to provide as fine control on routing as flow routing because it uses less information.

A traffic matrix (TM) specifies the data rate between every pair of ingress and egress points. A number of works
[3] [4] [5] have focused on calculating an optimal set of routes for a single TM. For a given TM, those works consider
minimizing the sum of link costs, each of which is an increasing convex function of link data rate. The problem is then
formalized and solved as an optimization problem. With a single TM, methods to solve the problem for flow routing
and destination routing are similar, and the optimal costs are identical. In [3], Cantor et al. proposed a centralized
algorithm. In [4], Gallager proposed a distributed algorithm. To solve the problem more efficiently, the link costs can
be approximated as piece-wise linear functions [5], and the problem then formalized and solved by linear programming
(LP).

For a large-scale Internet with changing traffic, optimization with multiple TMs is an important problem for several
reasons. First, accurate TM estimation is hard to achieve due to scale, as well as due to the inherent challenges in
estimating a TM [6] [7]. Without an accurate TM, optimization over multiple TM candidates calculates a set of routes
that is more robust to estimation errors. Second, even if the current TM is known, the changing nature of Internet
traffic makes it costly to continually maintain optimal routing by responding to traffic changes (Routing convergence
normally take seconds, during which packets may be lost, or arrive out of order. Frequent routing updates can make
the situation even worse). As routing updates are performed at a slower rate than the change in traffic, it is preferable
to implement a set of routes that can perform well for all TMs between routing updates.

In this paper, we explore ways to obtain an optimal set of routes with multiple TMs so as to minimize expected cost.
We focus on both flow routing and destination routing. In the case of flow routing, we extend existing solution methods



UMASS CMPSCI TR#04-60 2

for a single TM to solve the optimization problem with multiple TMs: we show that the optimization problem can still
be formalized and solved as a convex optimization problem (as in the single TM case). We also extend Gallager’s work
with a single TM to solve the problem with multiple TMs using gradient-based methods. However, the multiple TM
case requires many more control variables. In the case of destination routing, we encounter many more differences
from the single TM case. We find that the loop-free property, which is valid for the single TM case, is no longer valid
for the multiple TM case. It is difficult to extend the solution methods used with a single TM to solve the problem with
multiple TMs. We show that it is NP-complete even to determine the feasibility of multiple TMs. Thus, we propose
and evaluate a heuristic algorithm for this case.

The remainder of this paper is organized as follows. In Section 2, we review related work. In Section 3, we formulate
the multiple TM routing optimization problem. In Section 4, for flow routing, we first compute an optimal set of flow
routes using convex optimization techniques, and then extend Gallager’s work to solve the problem using gradient-
based methods. In Section 5, for destination routing, we demonstrate the inherent difficulty of solving the optimization
problem, and then propose and evaluate a heuristic algorithm. Section 6 concludes the paper.

II. CONTEXT AND RELATED WORK

Internet routing protocols are generally classified into two categories: flow routing and destination routing. MPLS,
a flexible routing protocol, is normally considered a flow routing protocol [5] [6][8]; OSPF, a commonly used intra-
domain Internet routing protocol, falls into the category of destination routing. Specifically, a relaxed version of OSPF,
which allows arbitrary routing fractions on the shortest paths to the destination, is a loop-free destination routing
protocol [9].

Routing fractions are useful for describing a set of routes along which packets are forwarded. In flow routing, for
each source and destination pair, a router maintains a routing fraction for each of its out-going links. Specifically,
¢r1(1,J) denotes the fraction of traffic originating from router 7 destined to router j at router k forwarded over link
(k,1). In Figure 1, router 3 forwards 100% of the traffic originating from router 1 destined to router 6 over outgoing
link (3,4) and 100% of the traffic originating from router 2 destined to router 6 over link (3, 5). In contrast, destination
routing only maintains a routing fraction for each destination. Specifically, ¢;(j) denotes the fraction of traffic des-
tined to router j at router k forwarded over outgoing link (%, 7). In Figure 2, router 3 forwards traffic destined to router
6 evenly over two out-going links: 50% over link (3, 4), and 50% over link (3, 5). Destination routing can be viewed as
a special case of flow routing where the routing fractions to a common destination are identical for all sources. Given a
TM, routing fractions determine packet forwarding, the link data rates, and thus the cost. In our optimization problem,
we refer to routing fractions as routing variables.

Fig. 1. Flow Routing : traffic originating from different source addresses is forwarded by different sets of routes

Bys(1,6)=0.5
Bus(2,6) = 0.5

Fig. 2. Destination Routing : traffic originating from different source addresses is forwarded by single set of routes

An alternative way to describe a set of routes is through so-called traffic ratios. For each source and destination pair,
By, (i, j) denotes the ratio of the traffic originating from router 7 destined to router j over link (&, 1) to the overall traffic
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originating from router ¢ destined to router j. In Figure 1, link (4, 6) carries 100% of the traffic originating from router
1 destined to router 6; in Figure 2, link (4, 6) carries 50% of the traffic originating from router 1 destined to router
6. Given a TM, traffic ratios determine packet forwarding, the link data rates, and thus the cost. In our optimization
problem, we refer to such traffic ratios as ratio variables.

A number of efforts [3][4][5] have investigated the routing optimization problem in the case of a single TM. The
methods used for flow routing and destination routing are similar. In general, the problem is formalized and solved as
an optimization problem. Using ratio variables as control variables, Cantor et al. [3] solved the problem using convex
optimization techniques. To increase efficiency, [5] approximates the link costs as piece-wise linear functions, and
solves the problem using LP. In [4], Gallager proposed a distributed gradient-based algorithm to solve the problem
using routing variables as control variables.

The route optimization problem is relatively new in the case of multiple TMs. While researchers have recently
identified the importance of the route optimization problem in the presence of multiple TMs [7][8], they have yet to
investigate techniques for solving the problem.

An optimal set of routes is necessarily feasible. With multiple TMs, the set of feasible route-sets fundamentally
differs from that with a single TM. A set of TMs is feasible if there exists a set of routes so that the resulting link data
rates are always less than or equal to link capacity for each TM. The set of routes is then called a feasible set of routes
for the set of TMs. With a single TM, [3][4] find an optimal set of routes out of the set of feasible route-sets. The
cost of an optimal set of flow routes, an optimal set of destination routes, and an optimal set of loop-free destination
routes are identical. With multiple TMs, the set of feasible route-sets is the intersection of the sets of feasible route-sets
for each individual TM. As a result, a set of TMs may be infeasible even though each TM in the set is individually
feasible. Moreover, the cost of an optimal set of flow routes may be lower than that of an optimal set of destination
routes; also, the cost of an optimal set of destination routes with loops may be lower than that of an optimal set of
loop-free destination routes.

We will see that, with multiple TMs, the hardness of the optimization problem is closely related to the routing
approach. In the case of flow routing, we can extend the solution methods of a single TM to the case of multiple
TMs. Using ratio variables as control variables, we extend [3] to solve the route optimization problem using convex
optimization techniques, and thus solve the problem using LP when link costs are approximated as piece-wise linear
functions. Using routing variables as control variables, we extend [4] to solve the flow routing problem with multiple
TMs using gradient-based methods. However, the multiple TM case requires many more control variables compared
to the single TM case. In the case of destination routing, we demonstrate the inherent difficulties to solve the problem
with multiple TMs. The set of feasible route-sets is not convex when we use ratio variables as control variables.
As a result, we cannot solve the problem with multiple TMs as a convex optimization problem. Furthermore, when
using routing variables as control variables, we find local minima — making it difficult to solve the problem using
gradient-based methods. Finally, we show that it is NP-complete even to determine the feasibility of a set of multiple
TMs.

III. PROBLEM FORMULATION

In this section, we formulate the optimal routing problem with multiple TMs. We first introduce the necessary
notation, and then formalize the problem. Finally, we describe the difference between route optimization with a single
TM and with multiple TMs.

A. Notation

We first introduce the notation for flow routing, and then the notation needed for destination routing.

Notation for flow routing:

Network topology: G = (V, E) is a strongly connected graph.! The network G is composed of a set of nodes V/
and a set of directed links E. The nodes in V' are represented by the integers 1,2, ..., |V|. The directed links in F are
represented by (k, 1) € V2.

Link capacity : C' = {cy; }, where c; > 0 denotes the capacity of link (k,) € E.

'In some cases, we relax this assumption for ease of exposition, and note this relaxation when used.
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Traffic Matrices : R = {Ry, Ry,...,R,} is a set of n traffic matrices with associated positive weights w =
{wi, w2, ..., wn}, 3o, wy = 1. InTM Ry, = [Ry(4,7)], i,j € V,y € {1,...,n}, Ry(i,j) denotes the rate of
exogenous traffic, in bits/s, originating from node 7 destined to node j; w,, is the weight of TM R,,.

Routing variables : ® = {¢y;(3,7)}, 4,7 € V, (k,l) € E, where ¢;(i, j) denotes the fraction of traffic rate from
node i to node j at node k forwarded over link (k,7). When ® are used as control variables in optimization problem
formulation, the constraints are,

D Gu(i,j) 2 0.4, €V, (k1) € E,

2) du(i,j) =0if k= j,

3) Xy bmli,j) =1ifk # j,

4) Vi, j, k(k # j) € V, for traffic from 7 destined to j at node k, there exists at least one path between & and j:

there is a sequence of nodes, k, 1, p, ..., q, j such that ¢y (,7) > 0, ¢1(,75) > 0, ..., Pg;i(i,7) > 0.

Ratio variables : B = {By(i,7)}, i,7 € V, (k,l) € E, where By (i, j) denotes the ratio of the traffic rate
originating from 7 destined to j that is forwarded over link (k, () to the overall traffic rate originating from 4 destined
to 5. When B are used as control variables in optimization problem formulation, the constraints are,

1) By(i,j) >0,i,5€V, (k1) e€E,

2) Bl(i,j) =0if k = j,

3) 1 k=j
> Bun(isj) = Buli,j) =4 —1 k=i )
m l 0 otherwise.

4) if By(i,7) > 0, then for traffic from 7 destined to j at node k, there exists at least one path between & and j:
there is a sequence of nodes, k,1,p, ..., q, j such that By;(i, j) > 0, Byp(i,75) > 0, ..., Bg;(i,5) > 0.

The equivalence of routing variables (®) and ratio variables (B) is indicated by [4]. For completeness, we explicitly
express it as Theorem III.1 (see below). A set of routes is said to be loop-free if the corresponding set of ratio variables
B is loop-free. i.e., there is no sequence of nodes, i, j, k,,p,...,q € V such that By (i,j) > 0, By, (¢,5) > 0, ...,
BQk (17 .7) > 0.

Theorem I11.1: In a strongly connected graph G = (V, E), a set of flow routing variables ® determines a set of flow
ratio variables B; a set of flow ratio variables B can be implemented by a set of flow routing variables ®.

Proof: Given a set of routing variables ®, we can compute a set of ratio variables B as follows. Let by (7, j) denote
the ratio of the traffic rate originating from node ¢ destined to node j at node k to the overall traffic rate originating
from node 7 destined to node j, we have

bi(i,5) = 1(kzl)+zbm(lvj)¢mk(zv.7) (2

Here, 1(P) is 1 if the predicate P is true and 0 otherwise. [4] shows that equations (2) must have a unique solution of
b. After solving b, we compute B from b,

By (i,7) = bi(4,7) 0w (3, 7) 3)

Given a set of ratio variables B, we can construct a set of routing variables ® to implement B as follows. For each
node j € V, we construct a shortest path tree to j. Fori,5 € V, (k,l) € E,if Y., Bim(i,7) > 0, we set
B, j)

(i, ) = m 4)

If 3, Bem(i,7) = 0, we set ¢g(i,7) = 1 if link (k,1) is on the shortest path tree to node j, and ¢(i,7) = 0
otherwise.

Node data rates : T, = {t, 1.(i,5)}, k3,5 € V,y € {1,...,n}, where ¢, (4, j) denotes the data rate at node k
from node 7 destined to node j under TM R,,. We have,

ty,k(iaj) = 1(k = l)Ry(Zaj) + Zty,m(iaj)(bmk(iaj) (5)

trlisd) = Ryli.)( 5 Bunliod) + 10k =) ©)
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Link data rates : I, = {f, 1}, (k,l) € E,y € {1,...,n}, where f, 1; denotes the link data rate over link (k, 1)
under TM R,. We have,

St = tyi(i, 5)drli, ) (7)
1,5

fyat =Y Ry(i, j)Bul(i, §) ®)
1,J

Feasibility : Given a set of n TMs, if there exists a set of routing variables ® (or ratio variables B) such that the
resulting link data rates are always less than or equal to the link capacity for each of the n TMs, then the set of n TMs
is feasible, and ® (or B) is feasible for the set of n TMs. Specifically, given n TMs, we use ¥ (or B) to denote the set
of feasible route-sets described by ® (or B).

Link cost function: D = {Dy,;}, (k,l) € E, where Dj; denotes the cost function of link (k, ). We assume that the
link cost is a convex, increasing function of link data rate. While our analysis can be applied to any function with such

properties, we will use,
x

Di(z) = €)

Ckl — T
This M /M /1-like link cost can be approximated by piece-wise linear functions. Specifically, Let (k;, b;), i €
{1,...,6} be (2472, —2%72 1 5% 222 _ 1), We have,

X
Dkl(a?) = lrglagxﬁ(k‘lc—kl —+ bl) (10)

Network Cost : Let A, denote the cost of TM R, y € {1,...,n} and A the expected cost; we have,

Ay = Y Dulfym) (11)
(k,1)EE

A = > wyd, (12)
y=1

The following notation differs in the case of destination routing:

Routing variables : ® = {¢1;(j)}, 7 € V, (k,l) € E, where ¢y,;(j) denotes the fraction of traffic rate to node
j at node k forwarded over link (k,[). Destination routing variables can be viewed as a special case of flow routing
variables with the additional constraints,

¢kl(i17j) = cbkl(iZaj)ailviQ)j € V’ (k;’l) S (13)

Ratio variables : Similar to routing variables, combining equations (4) and (13), the destination ratio variables B
must satisfy the additional constraints,

B(i,j) — _  Buliz,J)
Yom Bim(i1,7) 22, Brml(i2, 5)

where Y, Brm(i1,7) > 0and Y, Bim(i2,5) > 0.

All other definitions, theorems for flow routing are the same in the case of destination routing. Theorem III.2 shows
that destination routing variables (®) and destination ratio variables (B) are equivalent.

Theorem I11.2: In a strongly connected graph G = (V, E), a set of destination routing variables ® determines a
set of destination ratio variables B; a set of destination ratio variables B can be implemented by a set of destination
routing variables ®. (Following the same proof of Theorem III.1)

iryig,j €V, (k1) € E (14)

B. The Single TM Problem

With a single TM, the routing optimization problem has several important properties. It was known that, for a single
TM, the link data rates implemented by a set of flow routes can also be implemented by a set of destination routes
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[10]. This, plus the loop-free property (see Theorem II1.3), state that with a single TM, the optimal set of flow routes,
destination routes and loop-free destination routes yield the same cost.

Theorem I11.3: Loop-free property: in a strongly connected graph G = (V, E), given a feasible TM R;, the flow
route optimization problem always has an optimal solution as a set of loop-free flow routes, and the destination route
optimization problem always has an optimal solution as a set of loop-free destination routes. [3][4]

With a single TM, in order to solve the optimal routing problem in a distributed or centralized manner, the problem
has been formulated using either routing variables ® or ratio variables B as control variables.

[4] formulated the problem using routing variables ® as control variables in the case of destination routing.

Problem Formulation over ®:

Given: network G = (V, E), link capacity C, a single TM R;.
Minimize: cost A.

Constraints:

1) Route constraints. F} is implemented by a set of destination routes .
2) Feasibility constraints. F; < C. ie., V(k,l) € E, fi 1 < Cp.

[3] formulated the problem as a convex optimization problem. The problem was formalized using ratio variables B
as control variables in the case of flow routing.
Problem Formulation over B:

Given: network G = (V, E), link capacity C, a single TM R;.
Minimize: cost A.

Constraints:

1) Route constraints. I is implemented by a set of flow routes B.
2) Feasibility constraints. £} < C.

With a single TM, the route optimization problem can also be formulated using a smaller number of control variables
when destination-based link data rates F'© (introduced next) are used as control variables [10].

Destination-based link data rates: Ff = {fﬁkl(j)}, ye{l,...,n}, (k1) € E,j €V, where fgfkl(j) denotes
the data rate of the traffic destined to j over link (k,7) under TM R,. When FyD are used as control variables, the
constraints are,

D () =0,ye{l,....n},jeV, (k1) € B,

2) fPu() =0ifk=j,

3) S Ry(inj) k=3
ST ERr@) =D fhal) =1 —Ry(i,5) k=i (15)
m l 0 otherwise.

The link data rates F), are expressed by destination-based link data rates FyD as follows.

fy,kl:ny?kl(j)v ye{la--'an}a(k7l)€E7j€V (16)
J

Problem Formulation over FIP:

Given: network G = (V, E), link capacity C, a single TM R;.
Minimize: cost A.

Constraints:

1) Flow conservation constraints. F is expressed by F°.

2) Feasibility constraints. 7 < C.

With a single TM, the set of destination routing variables ® can be expressed in terms of F}?,

fsz(j)

_ 17

br1(7)
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where Y, ffkm(j) > 0.

C. The Multiple TM Problem Formulation

We now generalize the problem statement for a single TM to the case of multiple TMs. We use either ratio variables
B or routing variables ® as control variables.

Given: network G = (V, E), link capacity C, n TMs.

Minimize: cost A.

Constraints:

Foreach TM R, y € {1,...,n},

1) Route constraints. F}, is implemented by a set of routes ® or B.
2) Feasibility constraints. F, < C.

When link costs are approximated by piece-wise linear functions, they can be expressed as additional constraints.

3) Piece-wise constraints. Fory € {1,...,n},

Dia(fyr) > k% +bi, (k1) € Eyie{1,...,6}
kl
However, the formulation with destination-based link data rates F'” cannot be easily extended to the case of multiple
TMs. Flow conservation (15) only guarantees that for each individual TM in isolation, the demand can be satisfied

by some set of destination routes (17). It does not guarantee that a single set of destination routes be used to forward
packets for all TMs.

D. Route Optimization with Multiple TMs: differences from the Single TM case

Properties that hold for a single TM do not necessarily hold for multiple TMs. In particular, with multiple TMs,
the cost of an optimal set of flow routes may be lower than that of destination routes, and the cost of an optimal set
of destination routes with loops may be lower than that of destination loop-free routes. We demonstrate this through
three counter-examples. We show that a set of TMs is not feasible even though each TM in the set is individually
feasible; we also show that a set of TMs that is feasible with respect to flow routing may not be feasible with respect
to destination routing. Finally, we also show that a set of TMs that is feasible with respect to destination routing may
not be feasible with respect to loop-free destination routing. All examples are based on a network? G' shown in Figure
3. In all cases, traffic is only destined to node 3.

450

190 || 190 @

450

Fig. 3. A topology to illustrate the difference of route optimization between single TM and multiple TMs

First, we present a set of two TMs where each TM is individually feasible but not feasible under flow routing when
considered as a set,

0 0 600 0 0 200
Ri=10 0 200 Ro=| 0 0 600 (18)
00 O 00 O

InTM Ry, as R;(1,3) = 600 and c;3 = 450, a feasible set of routes of R; (¢13(3) = 0.7, ¢23(3) = 1, ¢12(3) = 0.3,
®21(3) = 0) must forward at least 1/4 of the traffic originating from 1 over link (2, 3). i.e., B23(1,3) > 0.25. This

2We use directed graph for ease of exposition.
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results in that, in TM Ry, the rate of the traffic originating from 1 that is forwarded over link (2, 3) must be at least 50
bits/s, and the remaining capacity of link (2, 3) for the traffic originating from 2 is at most 400. As c91+400 < R5(2, 3),
the set of the two TMs is not feasible.

Second, we present a set of two TMs that is feasible under flow routing but not under destination routing,

0 0 600 00 O
Ri=|100 0 Ro= |0 0 600 (19)
00 O 00 O

In TM Ry, traffic only originates from node 1, and in TM Rj, traffic only originates from node 2. Since TM R;
and TM Ry are individually feasible (with the same feasible set of routes as in the previous example), and with flow
routing, the traffic of TM R; and TM R, are forwarded using routes based on different source and destination pairs,
the set of the two TMs is still feasible in the case of flow routing. However, in the case of destination routing, traffic
is forwarded without differentiating the source address of the packets. Using similar arguments as in the previous
example, we know that when TM R; is feasible, the rate of the traffic originating from 1 forwarded over link (2, 3)
must be at least 150 bits/s under TM Ry. Thus, ¢23(3) > 129 where 190 is the capacity of link (1, 2). This results in,
that in TM Ry, the rate of the traffic originating from 2 that is forwarded over link (2, 3), R2(2,3)¢23(3), is at least
%, and thus exceeds the capacity of link (2, 3). Consequently, the set of the two TMs is not feasible in the case of
destination routing.

Third, we present a set of two TMs that is feasible under destination routing but not under loop-free destination

routing,

0 0 500 00 O
Ri=|1020 0 Ry= |0 0 500 (20)
00 O 00 O

In TM Rj, as the traffic rate originating from node 1 exceeds the capacity of link (1, 3), a feasible set of routes for
TM R; must forward part of that traffic through node 2. Similarly, a feasible set of routes for TM R must forward
part of the traffic originating from node 2 through node 1. Thus, a feasible set of destination routes for the set of the
two TMs must include a loop between node 1 and 2. In fact, we can see that the set of destination routes with loops
(913(3) = ¢23(3) = 0.7, 912(3) = ¢21(3) = 0.3) is feasible for the set of the two TMs. The resulting link data rates
for TM R1 are (f1712 ~ 165, f1,21 ~ 50, f1’13 ~ 385, f1723 ~ 115)

With multiple TMs, the costs of the optimal set of flow routes and destination routes may differ. Therefore, we
consider the flow routing and destination routing problems separately in the following two sections.

IV. OpTIMAL FLOW ROUTING WITH MULTIPLE TMS

In the previous section, we formulated the routing optimization problem, and discussed the differences in optimizing
routes with a single TM and with multiple TMs. In this section, we explore ways of computing an optimal set of flow
routes for multiple TMs. We first solve the problem with routing variables as control variables. Then we solve the
problem with ratio variables as control variables.

Using routing variables as control variables, we now extend [4] to the case of flow routing with multiple TMs, and
solve the problem using a gradient-based algorithm. Assume that ® is the set of routing variables used by a set of n
TMs. In order to obtain derivative information 0A/0¢y(i,7), (k,l) € E, i,j € V, we introduce a set of dummy
variables ry, = {r, 1(i,j)}, v € {1,...,n}, k,i,j € V, where r,, 1.(Z, j) can be understood as the rate of the dummy
traffic injected at node £ destined to node j under TM R, using the same routing fractions ® as the traffic originating
from ¢ destined to j.

ForTM Ry, y € {1,...,n}, similar to [4], we have,

aAy .o / 814y
_— D _— 21
A1y wlis ) zl:%z(ld) [ ki (fy k1) + 8ry7l(z’,j)1 21)
04, . [ A,
domli ) ty k(i ) [Dkl(fy,kl) + Ory,z(i,j)] (22)
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, dD
where Dkl(fy,kl) = W

Combined with equations (6) and (12), we have,

0A . / 0A
Ironlig) Zz: Pra(i, ) [wkal(fy,kl) + 487”%;(@',]')] (23)
0A . / 0A
doni ) zy:ty,k(hj) [wkal(fy,kl) + —8%[(@‘7)] (24)
0A
= <ZBmk i,9) +1(k = ) ZR i 7) [wkaz(fy k) + 9y 1(i,)) (25)

The existence and uniqueness of 0A/0dr, ;,(i,j) and OA/O¢y (i, j) is given by the following theorem.

Theorem IV.1: Let a network G have n TMs and routing variables ®, and let each marginal link cost D;{l( Jy.kt) be
continuous in f, 1, (k,I) € E. Then the set of equations (23), k& # j, has a unique (and correct) set of solutions
for 0A/0ry 1 (i, j). Furthermore, (24) is valid and both 0A/0r, 1 (4, j) and 0A/0¢y (3, j) for k # j, (k,1) € E are
continuous in r and .

Proof: See Appendix A. |

Using Lagrange multipliers for the constraint >_; ¢y (4, j) = 1, and taking into account the constraint ¢;(7,7) > 0
the necessary conditions for a minimum of A with respect to ® are, for all k& # j, (k,l) € E

oA | =My dwli§) >0 6)
Odri(i,j) | > i @ma(i,5) = 0.

This states that for given 4,7, k, all links (k,l) for which ¢g;(i,7) > 0 must have the same marginal cost
0A/0¢pi(i,j), and that this marginal cost must be less than or equal to 9A/J¢y(i,7) for the links on which
or1(i,7) = 0. However, as shown by [4], even for a single TM, (26) is not a sufficient condition to minimize A.

Given i, j, k in (24),if >_,, Bink(i,7) + 1(k = i) = 0, then Vi, we have 0A/J¢y, (i, ) = 0. This means that, if node
k is not on any route carrying the traffic from ¢ destined to j, the above conditions would be automatically satisfied.
Thus, we hypothesize that (26) would be sufficient to minimize A if the factor >~,, By, (¢,7) + 1(k = i) were removed
from the condition.

Theorem IV.2: For each (k,l) € E, assume that Dy;( f, x1) is convex and continuously differentiable for 0 < f,, 1y <
cx1. Let T be the set of @ for which the link data rates satisfy f, 1 < cp, vy € {1,...,n}, (k,1) € E. Then (26) is
necessary for ® to minimize A over Y and (27), for all k& # j, (k,l) € E, is sufficient.

n . . / aA
yz:lRy(Zaj) [wkal(fy»kl) 6ryz(Z ] ZR ' ] 8ry k(z .7) (27)

Proof: See Appendix B. |

Based on the above sufficient condition, we developed a gradient-based algorithm for multiple TMs as an
extension of [4]. At node k, the algorithm reduces the routing variables ¢y;(i,7) for which the quantity

>y By(4,9) [wyD;d( Jykt) + %} is large, and increases them for which the above quantity is small. The al-

gorithm is described in Appendix C. Furthermore, in Appendix D, we proved that our algorithm converges to an
optimal set of flow routes.

Using ratio variables as control variables, we now extend [3] to the multiple TM case by showing that the optimiza-
tion problem is a convex optimization problem, and then solve it using convex optimization techniques.

With multiple TMs, link data rates F, are linear combinations of B (see (8)). As a result, B is a convex polyhedron.
As a simple extension from [3], the loop-free property remains valid with multiple TMs for the case of flow routing.
When we restrict our consideration to loop-free B, the set of feasible loop-free route-sets is a convex, closed, and
bounded set. From (8) and (12), we can see that cost A is a convex function of B. Thus, the problem is a convex
optimization problem in the case of multiple TMs. Furthermore, when the link cost functions are approximated by
piece-wise linear functions, the problem becomes a LP problem.
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Note that with multiple TMs, we require many more control variables (|V'|(|V| — 1)| E|) compared to the single TM
case (|V||E| when using destination-based link data rates as control variables).

V. OPTIMAL DESTINATION ROUTING WITH MULTIPLE TMS

In this section, we explore ways of computing an optimal set of destination routes for multiple TMs. It is difficult to
extend the existing gradient-based method [4] and convex optimization method [3], from the case of single TM to the
case of multiple TMs. We show that it is NP-complete even to determine the feasibility of a set of multiple TMs. Thus
we propose and evaluate a heuristic algorithm for computing routes.

Let us begin by considering the case where routing variables ® are used as control variables. With a single TM, from
any feasible set of loop-free routes, the gradient-based algorithm [4] converges to an optimal set of routes. However,
with multiple TMs, we find local minima, which makes it hard to solve the problem using gradient-based methods.
The following example demonstrates the existence of local minima. The example is based on network® G' (shown in
Figure 4) and two TMs R, Rs (associated with weights w; = wg = 0.5),

du(4) 20 @

1—¢u(4)

1000

Fig. 4. A topology to illustrate the local-minima and non-convexity

000 8 0000
000 O 0005

Bi=14 0 0 s3 B2=140 00 0 (28)
000 O 0000

Note that routing variables (¢14(4), ¢23(4)) completely determine the set of routes, and thus the cost. With a single
TM R; (R2), Figure 5 shows cost A; (A2), as a function of (¢14(4), ¢23(4)). We can see that there are no local minima.
Thus, gradient-based methods can be used to solve the problem. However, with two TMs, we find local minima. Figure
6 shows A as a function of (¢14(4), ¢23(4)). We can see that the global optimal is at (¢14(4) = 1, ¢23(4) = 1) and
local minima is around (¢14(4) ~ 0.5, ¢23(4) = 0). Hence, a gradient-based method gets stuck at this local minima
point. Additionally, in Appendix E, we show that the ratio between the cost of local minima and that of global optima
can be arbitrarily large.

0yl
0pgl)

014)

Fig. 5. A; (left), A2 (right) as a function of routing variables

An alternative formulation of the optimization problem is to use ratio variables B as control variables. In the case
of destination routing, although the cost A is a convex function of B, we find that the set of feasible route-sets 3
is not convex. To demonstrate a counter-example, note that (B14(1,4), B12(1,4), B2s(1,4), B23(2,4)) completely

3We use directed graph for ease of exposition.
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Fig. 6. A =0.54; 4+ 0.5A; as a function of routing variables

determines the set of routes, and thus the cost. (1,0,0,0) and (0,1, 1,1) are two feasible sets of destination ratio
variables. However, the average of the two vectors, (0.5,0.5,0.5,0.5), is not a set of destination ratio variables. Since
B is not convex, we cannot solve the problem as a convex optimization problem.

With multiple TMs, we next prove that it is NP-complete to determine whether the set of feasible destination route-

sets U (or B3) is empty or not. Our proof is given for the case of a set of two TMs.

Problem Description: Feasibility of a set of Two TMs in the case of Destination Routing (F2TDR).

Instance: Network* G, Integer-valued link capacity C, Integer-valued TM Ry, Ry.

Question: Is there a set of destination routes ¢ (or B) of rational numbers in the set of feasible route-sets ¥ (or B).

Theorem V.1: F2TDR is NP-complete.

Proof: As W and B are equivalent (see Theorem II1.2), and the relationship between ¢ and B is rational (see (4)),
we only prove the theorem for the case of ®.

For TM R;, R, given a set of destination routing variables ®, we can calculate link data rates F,, y € {1, 2} using
equations (5) and (7), and check the feasibility in polynomial time. Thus, F2TDR belongs to NP. Next, it suffices to
show: 3SAT x F2TDR.

Let the clauses of the 3SAT problem be Uy, ..., U; and z1, ..., %, Z1, ..., T} be the literals, where [,k > 1.
Network G is constructed as follows. For each variable x;, we construct a lobe shown in Figure 7. For each clause
Uj;, we create two nodes (s; and t;). s; is connected to vj-, and vj-ﬂ to ¢; if and only if z; appears in s;. Also, s; is
connected to ﬂ§, and 172» 11 tot; if and only if T; appears in s;. The capacity of each link is 1.

Fig. 7. Lobe for each variable x;

Next, we construct two TMs Ry and Ro. In Ry, Ri(sj,t;) = 1,5 € {1,...,1},and Ry (v, k') = 1, Ry (u?, h') = 1,
i €{l,...,k}. In Ry, Ro(sj,t;) = 1,5 € {1,...,1}, and Ro(%}, h%) = 1, Ro(u’, h?) = 1,0 € {1,...,k}.

(a) Assume that there is a feasible set of destination routing variables ® satisfying the two TMs. Let z; =
[¢giqi(h')]. In ®, assume traffic from s; to t; flows through lobe i. If it flows through link (v;-, v§+1), then ¢izi (h')

“We use directed graph for ease of exposition.
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must be 1, otherwise routing ® is not feasible for [21. Thus Uj is satisfied. If it flows through link (17;, 17; +1)’ a similar
argument holds. This completes the proof that the expression is satisfiable.

(b) If the expression is satisfiable, we set (vaégi(hi),QSﬁégi(hi),@giﬁi(hi)) to be (1,0,1) if z; is 1 and (0, 1,0)
otherwise. Since each clause U; contains at least one literal x; or Z; which is 1, traffic from s; to ¢; must be forwarded
through either link (vé, v;- 41) or link (@;, z‘;;- 41) of lobe i depending on whether z; or Z; is 1. ® is then a feasible set of
destination routing variables.

Thus, the 3SAT problem is satisfied if and only if there is a feasible set of destination routes ¢ (or B) of rational
numbers. |

We have proved that F2TDR is NP-complete. The routing optimization problem is even harder. Consequently, we
propose a heuristic algorithm to solve the problem.

As a guideline for our heuristic algorithm, we first obtain the following upper and lower bounds on the optimal cost
in the case of a feasible set of 7 TMs.

Theorem V.2: Let R = >y wylty and R= max, I, where the max is element-wise. If R is feasible, then the set

of n TMs R = {Ry,...,R,} is feasible, and R is feasible. Let Ag, ye{1,...,n}, A9, AO be the optimal cost for
™ R, Rand R respectively, we have,

A9 <> w, AD < AFO < APO < A° (29)
y=1

where A"C and APC are the optimal cost of the n TMs for flow routing and destination routing respectively.
Proof:  First, we prove that A9 < 2y wyAyO . Let By be a set of flow routes for TM R, y € {1,...,n}. We

can construct a set of flow routes B for TM f%,

Zy wyRy(iaj)By,kl(iyﬁ

D) = )

(30)

Let f, 1 (By) denote the link data rate for TM R, given B,, and let fri(B) denote the link data rate for TM R given
B. Combined with equation (8), we have

n
fu(B) = wyfyu(By) (k1) €E 31)
y=1
Because of the convexity of cost A as a function of link data rates, we have,
. n
A0 <3 w49 (32)
y=1

Second, we prove that Zy wyAg < AFO < APO_ Given any set of flow routes B, we have Ayo < Ay y €
{1,...,n}, thus >y wyA?? < A. As aresult,

i: wyAY < AFO (33)
y=1
As the set of destination route-sets is a subset of the set of flow route-sets. we have,
AFO < DO (34)
Finally, we prove APO < A9 Given any set of destination route B, from (8), we have f, ; < fkl' Thus,

APO < A9 (35)

Combining the above steps yields (29). |
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In our heuristic algorithm, we compute an “expected TM” as the element-wise expectation of the TMs based on
the perturbed weights. We then compute an optimal set of routes for this single “expected TM” and use this as our
solution for the n TM problem. From theorem V.2, we see that the optimal cost of R provides an upper bound to
the problem. To ensure that the solution of our heuristic algorithm is also upper bounded by A, we incorporate
R as an extra perturbation dimension when we calculate the “expected TM”. Formally, a perturbed weight vector is
represented by w = (w1,ws, ... ,wWn,wnt1), wy € [0,1],y € {1,...,n+1}, ZZLI wy = 1, wherew,, y € {1,...,n}
is the perturbed weight of TM R, and w11 is the perturbed weight for R = max, I2,. We use () to represent
the set of perturbed weight vectors. Given a perturbed weight vector w € €2, a) we calculate the “expected TM”
R= 25:1 wy Ry + wni1R, b) and then find an optimal set of destination routes for the “expected TM” R (Note, there
may be more than one optimal set of destination routes for R; we randomly select one of them). ¢) Finally, we evaluate
the cost A for the set of n TMs given the set of routes derived in step b.

Let g denote the mapping from 2 to the cost A as described by the above procedure. Our heuristic algorithm finds
the perturbed weight vector w € ) with the minimum cost A9 The set of destination routes achieving AP g
then the “good” set of routes for the set of n TMs returned by our heuristic algorithm.

Because of the contribution of R to R, we have,

AP < AC if R is feasible (36)

Our heuristic algorithm consists of two stages: a global stage and a local stage. The global stage examines the
perturbed weight vector space {2 and identifies promising perturbed weight vectors. The local stage focuses on the
promising perturbed weight vectors and attempts to quickly improve the quality. Similar methods are used in [5] and
[11] to solve OSPF routing optimization problems.

In the global stage, uniform searching effectively identifies promising perturbed weight vectors [11]. For function
g(w), w € Q with a range of [A?(?) | AM(D)] the distribution function of g is defined as:

_ m(fw e Q] gw) < A}
m(Q)

Ya(A) (37)

where A € [A9() AM)] and m(-) denotes Lebesgue measure, a measure of the size of a set. Assuming A(") €
[ACCY) AM ()] such that yo(A™)) = 7, € [0, 1], an r-percentile set in Q is defined as:

To(r) = {w e Q] g(w) < AN} (38)

Consider [ randomly generated perturbed weight vectors whw?, .. Wl and let 01, &2, .., O be the corresponding

perturbed weight vectors ranked in increasing order of g. According to [12], the probability of 1" in 1 (r) is,

2

P(WF € mq(r)) = /OT mﬂﬁk_l(l — ) *dx (39)

It takes 183 samples for the 10th top ranked sample, &0'°, to reach 0.1 — percentile with a probability of 99%.

During the global stage, we uniformly sample 183 independent perturbed weight vectors through a method given in
[13]. The most promising 10 samples are then passed to the local stage to improve the quality.

During the local stage, we use an iterative procedure to make improvement. The perturbed weight vector space €2 is
discretized and a neighborhood structure A/ (w) is defined on it. Starting from a promising perturbed weight vector w,
at each iteration, the neighbor perturbed weight vector with the lowest cost is chosen for the next iteration. In order that
our algorithm not become trapped in a local minimal, it allows non-improvement moves so that the search proceeds in
a larger neighborhood. The search stops when the number of iteration reaches certain threshold (100 is used for each
promising weight vector in the results of this paper) or the quality of result is satisfactory.

We define the neighborhood structure A (w) as follows. First, w is discretized so that w; can only take a value from
{0,1/6,2/0,...,1}. Second, w’ is a neighbor of w if they differ in 2 dimensions. The maximum number of neighbors
for a perturbed weight vector is thus n(n + 1).



UMASS CMPSCI TR#04-60 14

We present our results obtained using a synthetic network (50 nodes and 156 links). The synthetic network is
produced using the generator GT-ITM [14], based on a model of Calvert et al. [15] [16]. This model places nodes in
a unit square, thus generating a distance between each pair of nodes. Links are divided into two classes: local access
links and long distance links. The capacity is 200 for a local access link and 1000 for a long distance link. We generate
TMs using the methods in [5]. For each node v € V, we pick two random numbers O,, @, € [0, 1]. Furthermore, for
each node pair (v, v;), we pick a random number Z(v; ) € [0,1]. For v; and v; with Euclidean distance [, the rate
traffic between v; and v; is

aOvinj Z(vi’vj)eilﬂL (40)

where « is scale parameter and L is the largest Euclidean distance among all pair of nodes. The values O,,, (), models
the degree to which a node generates or attracts traffic. The distance [ models the traffic locality. In this model, there
is more traffic between close pairs of nodes.

With n = 3 TMs associated with weights w; = we = w3 = 1/3, we compare the results of our heuristic algorithm
with the lower bound (Zy wyAg ), the upper bound (/10), and a baseline algorithm SINGLE, which chooses the best
set of routes out of the n sets of routes, that optimize for each TM. In our heuristic algorithm, we choose different
precisions (6 = 1, and § = 10). When § = 1, we choose between the set of routes optimized for R and the set
of routes given by SINGLE. Thus, we call it SINGLE + MAX. When § = 10, we are searching a “good” set of
routes by mixing the n TMs and R. We call the resulting heuristic MIX (SINGLE + MAX). In our experiments, we
use piece-wise linear functions (approximation of M /M /1) as link cost functions, and we use AMPL/CPLEX [17] to
compute the optimal set of destination routes for a single “expected TM”.

600

UPPER —l—
SINGLE A
500 SINGLE+MAX K
MIX(SINGLE+MAX) —{1—
LOWER —O—

400

cost
@
<]
3

200

AT

o BT

Fig. 8. Experiment results with a synthetic network (50 nodes, 156 links) and 3 TMs

The results of our experiments are presented in Figure 8 with different scalings of the TMs. In the experiments, we
see that the cost rises as demand increases. All curves start off flat, and then, start increasing rapidly. And the demand
becomes too large to be feasible as link capacity constraints are reached. This behavior is somewhat similar to that of
a single link.

We can see that the curve of SINGLE, SINGLE+MAX and MIX(SINGLE+MAX) are upper-bounded by the curve of
UPPER and lower-bounded by the curve of LOWER. We also see that our heuristic algorithm MIX(SINGLE+MAX)
does very well, always falling within 11% of LOWER.

When R = max, IR, is feasible (scaled up to 8.8), we can see that the cost generated by SINGLE+MAX is mostly
lower than SINGLE, and is close to MIX(SINGLE+MAX). This indicates that the optimal set of routes for the element-
wise max TM R can be a “good” solution to the problem. When R is no longer feasible, the cost returned by SINGLE
is the same as the cost returned by SINGLE+MAX, as expected. As demand increases (scaled between 8.9 and 12.2),
we can see that SINGLE may return high cost solution (70% more than the cost of MIX(SINGLE+MAX)) or cannot
even find a feasible set of destination routes. When demand approaches the limit that the network can carry (scaled
between 12.2 and 13.6), SINGLE cannot find a feasible set of destination routes while MIX(SINGLE+MAX) can.

VI. CONCLUSION AND DISCUSSIONS

The key contributions are summarized as follows:
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1. We extended the formulation of the route optimization problem from the case of a single TM to the case of
multiple TMs. Specifically, we extended the formulation in [4] that uses routing variables as control variables, and we
extended the formulation in [3] that uses ratio variables as control variables.

2. We identified the fundamental difference in the route optimization problem between the case of a single TM and
the case of multiple TMs. We showed that unlike the single TM case, with multiple TMs, the optimal cost of flow
routing may be lower than that of destination routing, and the optimal cost of destination route-sets with loops may be
lower than that of loop-free destination route-sets.

3. In the case of flow routing, we extended the solution methods for a single TM to the case of multiple TMs. With
routing variables as control variables, we extended [4] to solve the problem with multiple TMs using gradient-based
methods; with ratio variables as control variables, we extended [3] to solve the problem using convex optimization
techniques, and thus solve the problem using LP when link costs are piece-wise linear functions.

4. In the case of destination routing, we demonstrated the inherent difficulties of the problem with multiple TMs.
We identified local minima when routing variables are used as control variables. Local minima make it difficult to
solve the problem using gradient-based methods. We also demonstrated that the set of feasible route-sets is not convex
when ratio variables are used as control variables. i.e., the optimization problem is not a convex optimization problem.
Finally, we proved that it is NP-complete even to determine the feasibility of a set of multiple TMs.

5. In the case of destination routing, we proposed and evaluated a heuristic algorithm.

With multiple TMs in the case of flow routing, although we have shown that the problem can be solved by extending
existing methods, the extremely large number of control variables can hardly be handled by a single computer (We
have 3 million control variables for a 100-node network with 300 links). As a result, distributed computation might be
desirable to solve the problem. The extension of Gallager’s work may be a useful starting point although it is necessary
for all routers to get derivative information for all TMs.
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VII. APPENDIX A

Proof of Theorem 1V.1:
As we introduce the set of dummy variables r,, y € {1,...,n}, (5) becomes,
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Without loss of generality, for source-destination pair (i, j), take the source node i to be the 1st of the |V'| nodes,
take the destination node j to be the |V|th of the |V'| nodes, and drop the argument (i, j), we thus rewrite (41) as

V|-1
by = Lk =DRy+ryp+ X tym®mk (42)
m=1
Let 7y = (ty1,-- sty v|—1)> Ry = (Ry +7y1,7y2, .- ,7y v|=1), and let ¢ be the [V — 1 x |V| — 1 matrix with
components ¢i; (1 < k,l <|V|—1). Equation (42) for 1 < k < |V|—1is then 7,(I — ¢) = R,. From [4], we know
that I — ¢ must have an inverse. Following the same procedure as [4], we have,

T, = Ry(I—¢)! (43)
;éﬂ = (T =¢) T (44)
Yy,m
ot
tyr = ZaRyyk (45)
Oty _ Oty i tym (46)

Odmg ORy.q

Take into account that r is a set of dummy variables. i.e., only derivative information when r,, = {0,...,0} is
useful. For fixed R, equation (44), (45) and (46) become,

Otyr,  Otyx

= =[I-¢) n 47
8ry,m 8Ry,m [( ()0) ] k ( )
Oty ke
tyrg = 2R (48)
y7k 8,,,,y71 yvl

8ty k 8ty Ek 8ty k Oty.m

5 — ; t m = ’ ’ R 49

OPmg Oryq . Ory,q Orya i )

Next, we show that (23), repeated below with the source node and destination node again taken to be 1 and |V/|, has
a unique solution.

0A / 0A
D 50
Bre 20 (WD) + 50 (50)
Following the same proof as in [4], we solve the above equations and get -asa continuous function in P,
atyvm afy mq /
8r B Z Oy k ; Wy GimgDing(fy.mq) Z Wy~a, ok Dy (fymq) (S1)
Differentiating A directly with (7), (11) and (12), we get the same unique solution.
Finally we calculate 5 ¢A directly using (7), (11) and (12),
0A ot
O = y%:qu o(fy,mg) Pmq 6; +Zwkal fy )ty k (52)
= Zty,k{[zwy ¢(fyma) ¢mq 8 ] + wy Dy (fy, kl)} (53)
Z by.k [ + wy Dy (fy, kl)] (54)

We have used (49) and (51) to derive (54), which is the same as (24). This is clearly continuous in ¢ given the
continuity of ¢,  and 3 a , and the proof is complete. |
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VIII. APPENDIX B

Proof of Theorem IV.2:
First we show that (26) is a necessary condition to minimize A by assuming that ¢ does not satisfy (26). This means
that there is some i, j, k, [, and m such that

0A S 0A
(i, )~ OPkm (i, J)
Since these derivatives are continuous, a sufficiently small increase in ¢y, (4, j) and corresponding decrease in

0o (i, j) will decrease A, thus establishing that & does not minimize A.
Next we show that (27), repeated below, is a sufficient condition to minimize A.

(55)

¢kl(17]) > 07

0A
ory, l(z J)

0A

Z S (56)

7;::1 Ry (i, 7) |wy Dy (fyrt) + 87“y k(4,7)

Suppose that ® satisfies (56) and has link data rates F, and node data rates T}, y € {1,...,n}. Let ®* be any other

set of routing variables with link data rates F;; and node data rates T);, y € {1,...,n}. Define
fyrt(N) = (L= N fyr + My (57)
n
N =D wy Y Dulfym) (58)

y=1  (kl)€E

Since each link cost Dy; is a convex, non-decreasing function of the link data rate, therefore A, is convex in A, and

hence
dA

)

< A(@%) — A(®) (59)
A=0

Since ®* is arbitrary, proving that dA/d\ > 0 at A\ = 0 will complete the proof. From (57) and (58),

dA / .
T > wkal(fy,kl)(f%kl - fy,kl) (60)
A0y (k)
We now show that
0A
Z wkal fyr) fo > ZR i,7) Oy (i) (61)
y,(k,l) YsisJ yill:J
Note from (56) that
0A 0A
w ZJD fkld) Z] 2][7 P I (Y (62)
Z yBR k:l( y,kl )Pkl Zy: Oy i (ir]) Zaryl(z 7 575 9)
From Theorem III.1 and equation (6), we know that for source routes ®*, 3B*, so that
ty(00) = Byl )| Y B ) + 1(k = 1) (©3)

Multiplying both sides of (62) by (3, B, (i,7) + 1(k = 4)), summing over 4, j, k and recalling that f,, =
> by i )@k (4, 7) (see (7)) , we obtain

Z wkal Je) fra > Z tys (i

y,k,l Y,8,5,k

0A
> tali D00 5o (64

arykl]) yzgkl Ty,l(zhj)
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From (5), X2, t; (4, )¢5 (4, 5) = ¢;,,(2,5) — 1(i = {)Ry(4, j). Substituting this into the rightmost term of (64)
and canceling, we get (61). Note that the only inequality used here was (62), and that if ® is substituted for ®*, this
becomes an equality for the equation (23). Thus

0A
2 wyDya(Fyr) fua = 32 Rylid) 5o (65)
v, (k1) Yyt vilhJ
Substituting (61) and (65) into (60), we see that dA/dX > 0 at A = 0, completing the proof. |

IX. APPENDIX C

We present a distributed gradient-based algorithm to minimize cost A. In our algorithm, a node & is implemented
by a process k. All processes have a copy of TMs R,, and weights w,, y € {1,...,n}. Besides, process k maintains
a set of local routing variables {¢y(7,7), (k,l) € E, i,j € V}. Next, we use the term “node” and “process”
interchangeably.

The algorithm breaks into two parts: a protocol between processes to calculate the

1, w, D, k) + 5—+—| and an algorithm for modifying the local routing variables. e discuss
y Ry ) [wy Dy (fy, arflﬁ,j) d an algorithm f difying the local g bles. We d
the protocol part first.

In order to see how process k can calculate -, 12y (4, 5) [wyD;d( Jy.kt) + %}, for traffic originating from ¢ to

7, define node m be the downstream from node ¢ if there is a routing path from ¢ to j through m (i.e., a path with
positive routing variables on each link). Similarly, we define g as the upstream from m if m is downstream from g. In
our algorithm, we focus on the set of loop-free route-sets.

The protocol used to calculate the 3, Ry (4, 7) {wyD;d( fykt) + %] is further divided into two rounds: in
Y, b2

the forward round, for each source and destination pair ¢, j, each process k waits until it has received the value
tym(1,7)0mi(i,7), y € {1,...,n} from each of its upstream neighbor processes m. Then process k calculates
the node traffic rate ¢, (4, j) using (5) and broadcasts this to all of its downstream neighbor processes; in the
backward round, for each source and destination pair 4, j, each process k waits until it has received the value

3 04 94 and the
Ty,1(4,5) k(i,j

,y € {1,...,n} from each of its downstream neighbors . Then process k calculates the ar,

1,7) (W kl +7 LlSng an usmg .an roadcasts the former to all of its upstream
o Ry(i3) [0y Dl (Fu) + 5728 (7) and (23). and broadcasts the f I of

neighbor processes. It is easy to see that the protocol is free of deadlocks because P is loop-free.

The algorithm T, on each iteration, maps the current routing variable set ® into a new set ®! = I'(®). In order to
maintain loop-free property, for traffic originating from ¢ destined to j and each node k, the algorithm maintains a set
Hjy.(i, 7) of blocked nodes & for which ¢; (7, j) = 0 and the algorithm is not permitted to increase ¢, (4, j) from 0. For
notation convenience we include [ such that (k,[) ¢ F in the set Hy(i,j). We first define and discuss the algorithm
and then define the sets H(i, 7).

The algorithm is described as follows. For [ € Hy(i, j),

Dri(i,5) = 0, Ai(i, §) = 0. (66)
For [ ¢ Hy(i,7), define

0A / 0A
R,( D —| - i Ry(i,7 Dy, m) + ———= 67
ay (i, 5) % (1,7) |wy kl(fykl) aT‘y7l(l,])‘| mgé%g(li,j){; (1, 7) [wy ke (fy,km) Bry,m(z,])]}( )

. ay (i, )
ap(i,j) = —="—T1"— (68)
wld) = Ry (i)

na (4, 7)

Akl(ivj) = min{¢kl(i7j)7m
Y Y, )

(69)
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where 7 is a scale parameter of T to be discussed later. Let /27 (i, j) be a value of m that achieves the minimization in
(69). Then
O, J) — Ap(i, ) L# 3 (i,7)

Ls oy
P(i,J) = { b (i,7) + Zl#{y (id) Ay(i,j) otherwise. (70)

The algorithm reduces the fraction of traffic sent on non-optimal links and increases the fraction on the best link.
The amount of reduction, given by Ay (i, j), is proportional to ag; (i, j), with the restriction that ¢,(4, j) cannot be
negative. In turn ax; (i, j) is the difference between the marginal cost of the traffic originating from node 7 to node j at
node £ using link (k, 1) and using the best link. Note that as the sufficient condition (27) is approached, the changes get
small, as desired. The amount of reduction is also inversely proportional to 3, wyty (%, 7). The reason for this is that
the change in link traffic under TM R, is related to wy Ay (i, j)ty x (4, 7). Thus when >° wyt,, k. (i, j) is small, Ay (3, j)
can be changed by a large amount without greatly affecting the marginal link cost. Finally the changes depend on the
scale factor 1. For n very small, convergence of the algorithm is guaranteed, as shown in Theorem IX.2, but rather
slow. As 7 increases, the speed of convergences increases but the danger of no convergence increases.

We now complete the definition of algorithm I' by defining the sets Hy(i, 7). First define a routing variable ¢; (3, j)
to be improper if ¢y (i,5) > 0and 3, Ry (i, 7)0A/0ry k(i,5) < 2, Ry(i,7)0A/0ry,(i, 7). We have already said
that Hy (4, j) includes only k for which ¢; (7, j) = 0, and thus, from (23),

/ 0A
min R wy D Ry (i (71)
I¢H),(i,5) y(0:J) [ yPialfys) + 8"”yl i) Z 9) ory, k(l 7)
Assuming weighted positive marginal link costs, >y By(i,5)0A/0ry k (i, 5) <

>y By(4,9) [wyD;d( fykt) +0A/Ory (1, j)} if ¢xi(i,7) is improper, and we see that the algorithm always re-
duces improper routing variables. In fact, since }, R, (i, j)#"(‘ij) is the weighted marginal cost for the traffic
Y, i

originating from ¢ to j at node k, we would expect weighted marginal cost to decrease as we move downstream, and
improper routing variables should be rather atypical.

For a given source and destination pair (i, ), the set of weighted marginal costs >y R y(1,7) forms an

ory k(z 7)
ordering of the nodes k. Note that if there are no improper routing variables, this ordering is consistent with the
downstreaming partial ordering.

Similar to [4], if ® is loop-free and ®' = T'(¢) contains a loop for some source destination pair i, j, then the
following two conditions must hold.

1) The loop contains some link (k, 1) for which ¢x(i,j) = 0, ¢},(i,5) > 0, and >y Ryli,5)0A/0ry k(i,5) >

Zy Ry(iv j)aA/ary,l(i> ])

2) The loop contains some link (,m) for which ¢y, (4, 7) is improper and for which ¢7, (i, j) > 0.

The first condition reiterates that some routing variables must be increased from 0 to form a loop and that the
algorithm only increases routing variables on links to nodes with smaller marginal cost. The second make use of the
fact that if nodes are ranked by marginal cost, >°, Ry (7, j)0A/0r, k(i, j), then it is impossible to move around a loop
of nodes and have marginal cost monotonically decrease.

Definition: The set Hy (i, j) is the set of nodes [ for which either ¢;(i,j) = 0 and [ is blocked relative to (i, j) or
(k,1) ¢ L. Anode [ is blocked relative to (7, j) if for traffic originating from ¢ destined to j, node [ has a routing path
to j containing some link (m, ¢) for which ¢,,4(%, j) is improper and

Sy By 6:3) w0y Ding (Fyima) + 77,757 ~ drgaeti)
[Zy wyty,m(ia ])] [Zy wyRy (27 ])]

The reason for (72) can be seen from (69) and (71). Ay,4(%,5) = Pmq(i,j) and d)%nq(z',j) = 0, so that (m, q) can
not be part of a loop for traffic originating from 7 destined to j.

Pmq(1,7) =1 (72)

Theorem IX.1: If the marginal link costs D;C ; are positive and @ is loop-free, then ®! = I'(®) is loop-free.
Proof: Following similar proof in [4]. |
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The protocol required for a process k to determine the set Hy (i, 7) is as follows. Each process k, when it calculates
0A/Ory i, determines, for each downstream [, if ¢y, is improper and satisfies (72). If any downstream neighbor
satisfies these conditions, node & adds a special tag to its broadcast of 9A/0r, 1. The node k also adds the special tag
if the received value 9A/0r,; from any downstream [ contained a tag. In this way all nodes upstream of & also send
the tag. The set Hy (i, j) is then the set of nodes [ for with either (k,[) ¢ E or the received 0A/0r,; was tagged.

Theorem IX.2: Assume that for all (k,l) € E, Dy(fy ) has a positive first derivative and nonnegative second
derivative for 0 < f, 1 < cj; and that lim Fyri—cr = OO For every positive number Ay there exists a scale factor n

for T such that if ®° satisfies A(®) < Ay, then

lim A(®™) = mqin(A(@)) (73)

m— 00

This is proved in Appendix D. Note that 7 depends on some upper bound Ag to A; this is natural, since when the
link data rates are very close to capacity, small changes in the link data rates cause large changes in marginal cost.
The proof use a ridiculously small value of 7 to guarantee convergence under all conditions and experimental work is
necessary to determine practical values for 7.

X. APPENDIX D

Proof of Theorem I1X.2:

We prove Theorem IX.2 through a sequence of seven lemmas. The first five establish the descent properties of the
algorithm, the sixth establishes a type of continuity condition, showing that if & does not minimize A, the for any ®*
in a neighborhood of ®, A(T"(®*)) < A(®) for some m. The seventh lemma is a new global convergence theorem
which does not require continuity in the algorithm I'; Lemmas X.6 and X.7 together establish Theorem IX.2.

Let ® be an arbitrary set of routing variables satisfying A(®) < Ay for some Ag. Let ®' = T'(®) and let
Ty, Fy, T yl, F;, y € {1,...,n} be the node and link data rates corresponding to ® and ®!, respectively. Let FA,

(0 <A<1)ye{l,...,n}bedefined by f;; = (1 = A) fy 1 + Af, ;> and let

A) =3 wyDyw(fyw) (74)
y,k,l
From the Taylor remainder theorem,
dA(N) 1d?A(N)
1 _ <
A(DY) — A(D) ™ 32 | (75)

where A* is some number between 0 and 1. The continuity of the second derivative above will be obvious from the

proof of Lemma X.4, which upper bounds that term. The first three lemmas deal with 24 | A=0-
Lemma X.1:
dA(X
AN S Al anlin ) Zwyyku) (76)
dA =0 64kl

Proof: Using the definitions of ag; (¢, ) and Ay (4, 7) in (68) and (69),

.. . 1 . 0A
ZAM(%])GM(%]) = m Z [br1 (i, 5) — Pra(i, 5) {ZR i,7) [wkaz(fykl) 8@1(173)}

AR (5,9)
i - ! 0A
,mgrgller(li’j) {;Ry(%]) [wkam(fy,km) + (W:| } }
L : 04
= m;[d’kz(ld) ¢kz {ZR (%, 79) [wkal(fy k) + m]} (77)

A A
= m {ZR i, J BryaT Z¢kl i, §) Ry (i, ) |:wkal(fu ki) + m}} (78)

Ly
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In (77), we have used (70) to extend the sum over all [ and in (78), we have used (23). Multiplying both sides of (78)
by >, wyt;k(z’, Jj), summing over 4, j, k, and using (5), (6) and (7), we get

0A

> Akl(i>j)akl(iaj)wytgll,k(iaj) = > tyk i,7) O 2 ing) Zfl,klwyD;cl(f%M)
Y,8,5,k,l Y,8,5,k Y,k y,k,l
0A
— i,7) l=1)R,(i,j)) —————
y%l ( yl ( ) y( )) 8Ty,l(17])
/ 0A
= =Y fymwyDu(fyr) + Y Ry(isj) 57— (79)
y’zk’:l y, kLY kl( Y ) y%;] y( )87“%@'(2,])
= > (Fykt = Fyu)wy Dy (fy h) (80)
y,k,l
dA A
We have used (65) to get (80), and (81) from (74), completing the proof. |
Lemma X.2:
dA(N) 1 . .
5 < — |V| VTP ZA2 (i,7) [Zwy ik (7 j} < e > wiAR (i, )t (i, 5)  (82)
A=0 1,5,k N y,isgk
where
i,5) =Y Auli,j) (83)

l
Proof: From the definition of A in (69), —ay(i,j) < — >y wyty k (4, 7)Ari(i, j) /1. Substituting this into (76)
yields

dA(N
dg\) < —*ZAM’L]ZU}yyk’LJZ’U)yyk’L]
A=0 ,jkl
< |V|_1 > Ak ) Zwyykw Zwyyku (84)

7]7

where (84) follows from Cauchy’s inequality, (3", a;3/)% < (30 ozlz)(z ﬁlz), with oy = 1, B; = Ay (i, j), and the sum
overl # k.

Now define ¢} , (i, j) as the node traffic rate originating from ¢ destined to j at node k if the routing variables ¢y (i, 7)
(for I # 1M (i, 7)) are reduced by Ag(i,j) but ¢g(i,5) for I = 1M (4, j) is not increased. Mathematically ty k(4,7)
satisfies

§) =D toa(6 DI, §) — Du(i, )] + 1(k = i) Ry (i, 5) (85)
1
This has a unique solution because of the loop-freedom of ®. Subtracting (85) from (5) results in
ty iy 1) = tyx(isd) = D ltya (i ) — 66 Du (i ) + Y ty4(6, 5) A (i, ) (86)
1 !
From (45), using >, tz’l(i,j)Alk(i,j) for Ry m (4, j), and from (47),
. Oty (i, j)
by k(ir ) = Z Droi(i.g) 2 oo o) A ]) (87)

Since @ is loop-free, Oty 1 (4, j)/Ory (i, 5) < 1. Alsoif Oty 1 (7,5)/0ry, (i, j) > 0, then [ is upstream of k for traffic
originating from ¢ destined to j and ¢y, (i, j) (and hence Ag;(i, 7)) is zero. Thus

ty,k(iuj) —t;k(Z,j) < Z Z t;,m(zvj) TTLZ i j Z tym i .7 7’ .7) (88)

I m#k m#£k
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Multiplying the left side by Ag(4, j) < 1 preserves the inequality, yielding
ty (i, ) Ak(i, 5) <Yty (i 5) A3, 5) (89)
m
Multiplying w, and summing up over y,

> S wyty (6, ) ARG 5) <D0 wyth (i, 5) A, 5) (90)
) m vy

Since the right-hand side of (87) is nonnegative, we also have t,, (i, j) > t; (i, j). Multiplying wy, and summing
up over y,

> wyty (i, 5) > wyts k(i) 91)
Yy Y

The following lemma proved by [4] will be used for further proof.
Lemma X.3: Let ay, Br(1 < k < m) be nonnegative numbers satisfying o, < >, 013 ag, > O for 1 < k < m.

Then
Z B > Z aj, (92)

Now let ay = 3=, wyty x (i, j)Ax (7, j) and ﬁk =3, Wy yk(z J)Ak(i, 7). Since these terms are nonzero only for
k # j, we can take m = |V'| — 1. Since the conditions of the lemma are satisfied for this choice,

D0 AR(05) D S wyty k(i 5) Y S wyty (i 5) > M =12 ZN i) [Zwy vk (0] ] : (93)
k Y Y

Since t;’ k(1,9) =t (4, j), we can substitute (93) into (84), and proved the first inequality of Lemma 2.

2
< — \V! 3ZA2z3 [Zwyyk1j1 (94)

1,5,k

Additionally, since wyt, 1.(7,7) > 0, we have

[Zwy yk 1 j

The second inequality of Lemma X.2 is derived by substituting (95) into (94). Proof is then completed. |
Lemma X.4: Let M be an upper bound of Dkl(f kl) overall y, k,landover 0 < A < 1. Thenforany \,0 < A <1,

> Zwytyk i,7) (95)

d2A(N)
N2

<M(VI+2(VI=DV] Y0 wyAR (i, 5)t (6, 5) (96)
Y,1,0,k
Proof: The bound M must exist because Dkl( f kl) is a continuous function of A\ over the compact region
0 < A < 1. Taking the second derivative, we get
d2A( " 2
2 = > wy Dy () faxs — Fyr® < D wyMIfy 10— fyi) 97
Ykl Y.kl

We now upper bound \f;kl fy.kt| by first upper bounding |ty w(1,7) =ty x(7,7)]. As in the proof of Lemma X.2,
we have

th k(i) = tyw(i, ) = D [ty(i,5) — tya (@ Dot (E,5) + > tya (i, )i, 5) — du(d, )]

l l

- Zay’“” Sty )6 (69) — b, ) ©8)

TylZ]
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Since 0 < at;’k(i, J)/0ry(i,7) < 1, we can upper bound this by

tyk(i,7) =ty (i, 5) <3ty (i, 5)Am (i, 5) (99)

We can lower bound (99) in the same way, considering only terms in which ¢}, (4, 7) — ¢ (i, j) < 0, and this leads
to

Ity 10y 5) = ty (i )| <D tym (i, 5) Am(d, §) (100)
Fowt = Forr =Y [ty (i, 5) = tyui, N dri (0, 5) + tyw iy )k (6. 5) — dra(i, 5)]
1,J
‘fyl,kl fyml < Zztym (i, 5) A (3, 5) Dy (4, ) +Ztyk i o, ) — by §)| (101)
1,5 ™M 1,

The double sum in (101) has at most (|V | — 1)3 nonzero terms (i # j, k # j, m # 7) and the second sum at most
(]V| = 1)? terms. Using Cauchy’s inequality on both terms together, we get

2,7,m

\fym — Syr? S IVI(IV] = 1)? {ZtymZJ 2 (0, )i, 5)] +Ztyklj (o (i, 5) — ¢kl(iaj>]2}

S U fgwt = fyrl? S IVIAVI= 128> 82 (0, 5) AL (6,5 +22tyk (i,7)A%(i, ) (102)
l 4,J,m ,J
Summing over k, we get
Y Ny = fyal? S VIV =12V +2) D15 430 5) ARG, ) (103)
l h,hk
Multiplying by w,, summing over y, and substituting the result in (97),we get (96) completing the proof. |

Lemma X.5: For given Ag, define

"

M= HI?ZX D (f )H<13§/ min wy Dykl(f) (109
n= [M’V‘ } rrbmwy (105)
Then for all ® such that A < Ay,
MV . .
A(®) — A(®) < ESE > wy AR (i, 4)ts 1 (i, 7). (106)
Yyi,0,k

Proof: Temporarily let M be as defined in Lemma X.4. Combining Lemma X.2 and Lemma X.4,

_ M M(VI+2)(V] =DV
(IVI-1)? 2

A(®') — A(®) < S wy A (i, )2, (, 5)- (107)

y,0,5,k

The second term in brackets above is less than half the magnitude of the first term, yielding (106). It follows that
A(®1) < A(®) < Ap. By convexity then Dkl(f;\,kl) < Ap/wy < Ag/ minw, for 0 < A < 1. Thus M as given in
(104) satisfies the condition on M in Lemma X.4, completing the proof. |

Lemma X.6: Let the scale factor n satisfy (105) for a given Ag and let ® be an arbitrary set of routing variables that
does not minimize A and satisfies A(®) < Aj. Given this ®, Je > 0 and an m, 1 < m < |V, such that for all ®*
satisfying |® — ®*| < e,

AT™(@%) < A(®) (108)



UMASS CMPSCI TR#04-60 24

Proof: We consider three cases. The first is the typical case in which no blocking occurs and A(T'(®)) < A(®),
the second is the case in which blocking occurs, and the third is the case in which A(T'(®)) = A(P).
Case 1: No blocking; Ay (i, 7)tx(i,7) > 0 for some y, 4, j, k. If no nodes are blocked for ®, then by definition of
blocking (72), there is a neighborhood of ®* around ® for which no blocking occurs. In this neighborhood,

0A 0A
(i, 7) ZR (4, 7) l:wkal(fy k) + m} T e He (i) {ZR (1, 7) |:wkam(fy km) + m]} (109)

which is continuous in ®. It follows from (68) and (69) that A (i, ) is continuous in ®, and the upper bound to
A(T(®)) — A(®) in (106) is continuous in ®. Since by assumption the bound in (106) is strictly negative, there is a
neighborhood of ®* around ¢ for which

AT@) - A@) < -V S~ a2, 512, 6 ) (110)
qv-17 2, v

where A(7, ) and ¢, (4, j) correspond to the given ®. Choose € small enough so that (110) is satisfied for |® — ®*| <

€ and also so that
MV

|A(®") — A(P)] < MIGEDE > wy AL, )t k(i 5) (111)
yighk

Combining this with (110), we have (108) for m = 1.
Case 2: Blocking occurs. For any ®, we can use (23) to lower bound ay, (i, j) by

HA HA ] 112

a;d(iaj) 2 ZRy(Z"]) |:wyD;€l(fy’kl) + aryl(iuj) - 8Ty k(lﬂj)

Y

122y Ry (i) [wyD;cz(fy,kl) * o 8;?1’ 7 or a:éij)}
Api(1,5) ) wytyk(i,7) > min § ori(,7) Y wyty r(i, ), — o (113)
2ty 2ty 5wy Fylid)
The lower bounds above are continuous functions of ®. Since blocking occurs in @, there is some ¢, j, k, [ such that
both
0A 0A

2. (0.3) larym,j) By ali )

>0 (114)

and

nzy Ry(iaj) [wyD;gl(fy,kl) + 8@%?1’,]’) - 8ryi1?i,j)}

G, J) ) wyty (i, J) > — (115)
; Y ZywyRy(la])
Combining (113) to (115)
L. L. ny. Ry(i7j)wyD;gl(fy kl)
Api(i, ) ) wyty (i, j) > —2 o (116)
g v ZywyRy(Za])
Since the right-hand side of (113) is continuous in @, there is a neighborhood of ®* around ® for which
1 22y Ry (i 7)wy D (fy k)
AL (1,7 w 1,7 (117)
kl Z Y yk ) 2 Z wy ( )
And thus, for some y,
e o 1y Ry(i ) wy Dy (fy k)
A, )ty k(15 5) = L YRy (118)

2 ZywyRy(iaj)

Equation (108), for m = 1, now follows in the same way as in case 1.
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Case 3: Ap(i,7)tyx(i,7) = 0 for all y,i,7,k,l. Let @3 be the set of ® for which Ay (4, j)t, r(i,j) = 0 for all
i,7,k,1. Let () = T!(®) for the given ® and let m > 2 be the smallest integer such that ("™~ ¢ &5, We first show
that m < |V/|. Note first that for any & € @3, I" changes ¢ (i, j) only for y, 7, j, k such that ¢, ;. (i, j) = 0 and thus the
node data rates and link data rates cannot change. >°, Ry (i, j)0A/0r, k(i, j) can change, however, and as we shall
see later, must change for some vy, 7, 7, k if ® does not minimize A.

Now consider ®@ (0 < ¢ < m — 2), where ®(©) denotes the original ®. Since (9 € ®3, A,(j) (4,7) > 0 implies

that t,, (i, j) = 0. From (69), ¢(Q)( j) = A,(d)(z j) and ¢ (@) ;. j) = 0. For a given i, j, k, all ¢(Q)( j) are reduced
to 0 except for the [ which minimizes }°, Ry(z,])[wkal(f%kl) + 0A/0ry,(i,j)]. Thus, using (23),

Pla+1) (q @
L)) = min <ZR i,j [wkal(fy ki) + %D > R, M

- 119
oryaig) ) = &M gy 19

ZRy(Z7])

7 Ory 14,7

Since this equation is satisfied for all ¢, 0 < ¢ < m — 2, we see that }_, Ry (i,5)0A(®D)/dr, 1(,j) can be

reduced on iteration g only if =, Ry (i, j JOA(®=1)/dr, (i, 7) is reduced on iteration ¢ — 1 for some I such that
>y By (i, 7)OA@@=) /ar, (i, 5) < >y Ry (i, j)OA(®D)/9r, x (i, §). This reduction at node I however implies a
reduction at some node !’ of smaller differential cost at iteration ¢ — 2 and so forth. Since this sequence of differential
cost is decreasing with decreasing ¢ and since (from (119)) the differential cost at a given node is nondecreasing
with decreasing ¢, each node in the sequence must be distinct. Since there are |V| — 1 nodes other than the given
destination available for such a sequence, the initial ¢ in such a sequence satisfies ¢ < |V| — 2. On the other hand,
if 37, Ry (i, 7)0A(®D)/0r, 1 (i, j) is unchanged for all y,4, j, k, we see from (119) that ®@ satisfies the sufficient
conditions to minimize A and then ® also minimizes A contrary to our hypothesis; thus we must have m < |V|.

Now observe that the middle expression in (119), for ¢ = 0, is a continuous function of ® and consequently
dA(®M))/dr, x(i, 7) is a continuous function of ® for all y, i, j, k. It follows by induction that dA(®1))/dr, 1 (i, )
is a continuous function of ® for all y,4,j,k and for I < m — 1. Finally p(m=1) ¢ &3, so it must satisfy the
conditions of case 1 or 2; it will be observed that the analysis there apply equally to ®(m=1) pecause of the continuity
of DA(®™1)/dr, 1(4, j) as a function of . This completes the proof. [ |

Our last lemma will be stated in greater generality than required since it is a global convergence theorem for algo-
rithms that avoids the usual continuity constraint on the algorithm. (See Luenberger [18]) for a good discussion of
global convergence).

Lemma X.7: Let T be a compact region of Euclidean IV space. Let I" be a mapping from Y into Y and let A be a
continuous real valued function in Y. Assume that A(T'\(®)) < A(®) for all ® € Y. Let A be the minimum of A
over Y and let YO be the set of ® € Y such that A(®) = A°. Assume that for every ® € T — Y9, thereis an e > 0
and an integer m > 1 such that for all ®* € Y satisfying |® — ®*| < ¢, we have A(I'"(®*)) < A(®). Then for all
¢ e,

lim A(I™(®)) = A°. (120)
m—0o0
Proof: See [4]. |

Proof of Theorem IX.2: Let Y be the set of loop-free routing variable ® such that A(®) < Ay. We have verified
that I maps loop-free routing variables into loop-free routing variables, and from Lemma X.5, A(I'(®)) < A(®) for
® € Y. Thus I' is mapping from Y into Y. It is obvious that T is bounded and easy to verify that any limit of loop-free
variables with A(®) < Ay is also loop-free with A(®) < Ap. Thus Y is compact. The final assumption of Lemma
X.7 is established by Lemma X.6. Thus Lemma X.7 asserts the conclusion of Theorem IX.2. |

XI. APPENDIX E

We show an example where the ratio between the cost of local minima and the cost of global optima can be arbitrarily
large.
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Fig. 9. A topology to illustrate the arbitrary ratio between local minima and global optima

Given integer k£ > 100, Figure 9 shows a network G. There are two TMs R; and Ry with weights w; = wy = 0.5,

0 0 0 k- (100k)~05 0000
0 0 0 0 0001

Bi=149 00 100-k! Fa=10 00 0 azh)
000 0 000 0

Note that ¢14(4) and ¢23(4) determine packet forwarding, thus determine cost A. Given (¢14(4), ¢23(4)), the link
data rate fy i is,

fiiz = Rai(1,4)(1 — $14(4))

fiia = Ri(1,4)¢14(4)

figs = Ri(1,4)(1 — ¢14(4))d23(4)

fiza = Ri(1,4)(1 — ¢14(4))(1 — $24(4))

fiza = Ri(1,4)(1 — ¢14(4))d23(4) + R1(3,4)

foi2 = fo14=0

f223 = fo34 = Ra(2,4)p23(4)

fooa = R2(2,4)(1 — ¢23(4)) (122)

When ¢14(4) = 1, ¢23(4) = 1, we have 2% > 0, 5:254 > 0. Therefore, (¢14(4) = 1, ¢23(4) = 1) is a local

minimal. The cost of the relative minimal (¢14(4) = 1, ¢o3(4) = 1), ARFL, satisfies
AREL > pyDia(fr4) = 5k — 0.5 (123)

When (2514 (4) = k‘—(le)%’ (2523 (4) = 0, we have

fi12, f212 <1
fiaa, faqa < k—1
f1,23, f223 = 0
fi24, fou = 1

fi3a, faze < 100 — k71
Therefore,

A < Dio(1) + Dyg(k — 1) + Do3(0) 4+ Doy(1) + D34(100 — k1)

= 1/999+ (k—1)+0+1/19 + (100k — 1) < 101k — 2 (124)
Combining (123) and (124),
AREL



