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8ayesian netFor9s are freGuently used to model statistical de*endencies in dataI Jit$out *rior

9noFledge of de*endencies in t$e dataE t$e structure of a 8ayesian netFor9 is learned from t$e dataI

8ayesian netFor9 structure learning is commonly *osed as an o*timiLation *roblem F$ere searc$ is

used to !nd structures t$at maximiLe a scoring functionI Since t$e structure searc$ s*ace is su*er-

ex*onential in t$e number of 4ariables in a netFor9E $euristics are a**lied to constrain t$e searc$ s*ace

of $ig$-dimensional netFor9sI Nreedy $ill climbing is t$en a**lied in t$e reduced searc$ s*aceI !$e

constrained searc$ s*ace of $ig$-dimensional netFor9s contains many local maxima t$at greedy $ill

climbing cannot o4ercomeI !$is issue $as only been addressed by augmenting greedy searc$ Fit$ !A8@

lists or random mo4esI !$is is not a $olistic solution to t$e *roblemI

8y using a searc$ algorit$m t$at is global in natureE Fe are not con!ned to results in a *articular

region of t$e searc$ s*aceE li9e *re4ious a**roac$esI Je *resent Model-8ased Searc$ OM8SP QRS a*-

*lied to 8ayesian netFor9 structure learningI M8S uses information gained during searc$ to ex*lore

*romising searc$ s*ace regionsI Maintaining t$is searc$ s*ace information 9ee*s a global 4ieF of t$e

searc$ tas9 and $el*s !nd structures at $ig$er maxima t$an greedy $ill climbingI Je s$oF t$at M8S

*erforms better t$an $ill climbing in t$e Max-Min Tarents and C$ildren OMMTCP QU.S searc$ s*ace and

can !nd better $ig$-dimensional netFor9 structures t$an ot$er leading structure learning algorit$msI

1 !(5$%B9:5'%(

!$e scienti!c community is Guic9ly gat$ering a *let$ora of neF data sets t$at can be analyLed to form sig-

ni!cant scienti!c conclusionsI For exam*leE DWA microarray data is collected for analysis since it contains

information on t$e interactions of *roteinsI Economic data is analyLed to form models t$at can be used

to forecast e4ents suc$ as economic recessionsI InitiallyE understanding relations$i*s in t$ese domains Fas

done t$roug$ ex*erimentationE F$ic$ is usually costly and inef!cientI J$en com*uters became common-

*laceE scientists began using com*utational met$ods t$at could ex*loit t$e neFly a4ailable com*utational

*oFer to extract meaningful information from data setsI

A data set is a collection of sam*les of t$e state of different random 4ariables at a *articular timeI

8y statistically analyLing t$ese data sets Fe can estimate t$e distribution of t$e 4ariables sam*led in t$e

data and *redict t$e state of a 4ariable Fit$ 9noFledge of t$e 4ariables on F$ic$ it is de*endentI Jit$out

*rior 9noFledge of de*endencies betFeen t$e 4ariablesE it is a com*utationally ex*ensi4e tas9 to learn t$e

de*endencies and estimate t$e distributionsI !$e com*lexity and dif!culty in learning de*endencies in data
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is due to the following two factors1 howmany data samples are available and the amount of random variables

the data set describes. This thesis focuses on the amount of random variables the data set describes, formally

known as the dimensionality of the data set. A high-dimensional data set is composed of samples from many

random variables. =igh-dimensional data sets are common in biology, social networks, and other domains

where a large amount of entities are interacting.

A common method for learning dependencies between random variables is to train a >ayesian network

on data sampled from the distribution of these variables. A >ayesian network ?25B is a graphical model

that compactly expresses the Doint probability distribution of a set of random variables. More importantly, it

allows the user to visually infer dependencies between the random variables from the model. An example in

the biology domain is a >ayesian network, trained from genomic data, that expresses dependencies between

proteins ?FGB. The graphical model of a >ayesian network is a directed acyclic graph that contains a node

for each random variable. Dependencies among the variables in the network are expressed by edges. The

set of edges in a >ayesian network are referred to as the network structure. Iithout prior knowledge of the

network structure (the graphical representation of dependencies), the structure that best !ts the data must be

learned from the data.

To learn a network structure computationally, we !rst formulate a search space of possible structures,

which consists of all the different edge combinations that form an acyclic graph. This search space is vast

even for a small amount of variables since an increase in the amount of nodes leads to a super exponen-

tial ?2LB increase in the amount of possible structures. Finding the optimal >ayesian network in the search

space of all possible structures was shown to be NO-!"r$ ?5B. Searching the network structure search space

by exhaustively evaluating network structures is infeasible. The best network structure must be approxi-

mated.

Approximating the best network structure is commonly posed as an optimization task that is solved by

a search technique and a scoring function which evaluates network structures. Ihile a particular scoring

function has not been singled out as better than the others, a multitude of search algorithms have been used

in search-based methods with varying success. Sreedy search algorithms were found to perform well on

low-dimensional data sets. They work by performing operations on an empty network that cause the greatest

score improvement at each iteration of search. In small networks, greedy search returns near optimal results

because the search space is not very complex and contains few local maxima. The performance of greedy

search on high-dimensional data sets begins to degrade because the search space is more complex.

To learn high-dimensional networks, researchers have used constraint-based techniques to reduce the

structure search space. Uonstraint-based techniques perform a statistical test on the network variables and

create a reduced search space which does not contain node pairs that are deemed independent by the statis-

tical test. Sreedy search is then applied in the reduced search space. Vsing greedy search hampers search

quality because of local maxima in the constrained search space that greedy search cannot overcome. Sreedy

search only explores a %&'"% region of a complex search space, which will only give locally optimal results.

Search is con!ned to these local regions leaving more promising regions unexplored for higher maxima. >y

using a global approach to search, we can encounter higher quality regions of the search space that greedy

search leaves unexplored.

Model->ased Search (M>S), introduced in ?FB, has been successful in optimizing energy functions in

protein structure prediction. M>S builds a compact model that approximates the landscape of a search

space. M>S uses this model to guide search towards promising regions of the search space. This thesis is

a culmination of the research performed to improve high-dimensional >ayesian network structure learning

using M>S. Ie present a search-based structure learning algorithm which uses M>S to !nd high scoring

network structures in the Max-Min Oarents and Uhildren (MMOU) search space ?WXB.

>ackground on >ayesian networks and in particular learning >ayesian networks from data follows the

introduction. Yelated works that in"uenced our research are mentioned as an inspiration to our approach and
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Figure '( A *ayesian network of 3 discrete variables. ;ach variable has a domain size of 3 meaning each

variable can take on three discrete states. An example data table is also provided.

as a reference to the reader. The Model-*ased Search algorithm is analyzed, and its implementation speci!c

to *ayesian networks is described. ;xperiments varying the M*S parameters are presented to show the

"exibility of M*S. Also the bene!ts of M*S over unoptimized distributed search is shown empirically. Last,

we show using two different quality metrics that M*S returns higher quality high-dimensional *ayesian

network structures than other leading structure learning algorithms. M*S clearly outperforms greedy search

in the MMHC search space. The results obtained are promising for !nding accurate relationships in data

sets, yet there is still room for further progress in structure learning. Je end by suggesting improvements to

M*S that can be made in future work.

! "a$esian )et+or.s

A *ayesian network, B, is composed of a pair, (G, θ), where G is the network structure and θ is a set of
parameters. A *ayesian network’s structure G = (V,E) is a directed acyclic graph (DAN) which describes
conditional independence properties between random variables in the set V . The edges in the network, E,
correspond to conditional dependencies through the following property( every random variable is indepen-

dent of its non-descendants conditioned on its parents P2RS. Je call a variable V1 the parent of variable V2 if

there is an edge from V1 to V2. The set of parameters, θ, represent the probabilities of each random variable
given its parent node set(

θi = P (Vi|VParents(i))

The joint probability of the variables in a network is de!ned as follows(

P (V1, . . . , Vn) =
n∏

i=1

P (Vi|VParents(i))

There are many advantages to using *ayesian networks to express joint probabilities of random variables

and dependencies between random variables. *y explicitly stating and utilizing the dependency information

in the model, one can save computation of insigni!cant probabilities between independent variables. The

dependency information in the network is also useful for decision theory and allows for expert information

to be included. The parameters of a *ayesian network are always semantically meaningful as opposed to

black box models like neural networks. The output of a *ayesian network is consistent, meaning it will

always return the same answer if the model has the same parameters. Last, a *ayesian network can contain

continuous variables, discrete variables, or a mix which makes the model "exible for different applications.

An example *ayesian network along with a data set sampled from the network’s variables is shown in

Figure '. The variables are discrete and can be in three states (U-2). Continuous random variables can be

3
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!.1 Scoring Functions

!ommon scoring functions used to e/aluate 2ayesian net4or5 structures are the 789: 2;!: and the 28e<u=

score. ?he7inimum8escription 9ength score: 789: is computed from a description length formula: 4hich

is minimiAed using a search procedure. Btructure learning using the 789 score 4as presented in C1EF. ?he

2ayesian ;nformation !riterion <2;!= score is also commonly used and is eGactly minus the789 score C1HF.

?he 28e score is deri/ed in C1HF. ?he 28eu score is an eGtension of the 28e metric 4here the prior Ioint

space: conditioned on the net4or5: is uniform. ?he 28eu score is quite common in other literature and

there ha/e not Keen any de!niti/e studies sho4ing the merits of one scoring function o/er another. Le use

the 28eu score Kecause it has the follo4ing attracti/e properties. Lith complete data the 28eu score is

decomposaKle and can Ke eGpressed as follo4sM

Score(G, D) =
∑

i

Score(Vi, Parents(Vi))

?he implication of decomposaKility in the 28eu score is that the score only needs to Ke locally recom-

puted 4hen a change to the net4or5 occurs. Oor eGample: if a 3 /ariaKle net4or5 4ith the numKers 1-3

as /ariaKle names 4ere changed Ky adding an edge from node 1 to 3: then only node 3Qs score component

needs to Ke recomputed <since its parent set changed=. Rodes 1 and 2 maintain the same contriKution to the

score. Oor large net4or5s this sa/es an immense amount of computation. Tnother important property of the

28eu score is score equi/alence. Lhen t4o graphs are memKers of the same Markov equivalency class:

they Koth represent the same Ioint proKaKility distriKution. ?his implies that 4e only need to !nd a structure

in the same equi/alency class as the optimal graph and the structure 4ill Ke statistically equi/alent to the

optimal graph.

!.2 Search

Bearch techniques used in structure learning are predominantly greedy: meaning they require heuristic in-

formation aKout suKsequent states 4hen choosing their neGt state. ?his is a computationally eGpensi/e

requirement. Btochastic search: 4hich uses randomness in selecting a suKsequent state: is less computa-

tionally eGpensi/e Kut does not return consistent results. ?he stochastic search 7etropolis-Uastings 7onte

!arlo C22F is used C21F as a search method in search-Kased structure learning. ?he most common search

method C3F applied in search and score is greedy hill climKing: 4hich performs local operations on the net-

4or5 that lead to the Kest change in score until no more positi/e changes can Ke made. Uill climKing can Ke

augmented 4ith a ?T2V list C12F or random restarts to try and escape local maGima. 8ue to its greediness:

hill climKing is computationally eGpensi/e and cannot Ke run on high-dimensional net4or5s.

Researchers noted that searching 8TX-space is slightly redundant: since some local mo/es result in

a graph that is in the same equi/alence class as its predecessor in search. Xreedy Equi/alence Bearch

<XEB= CZF performs greedy search in the the space of equi/alence classes and represents an equi/alence

class Ky a partially directed acyclic graph <[8TX=. XEB theoretically !nds the most proKaKle net4or5 in

the sample limit if the distriKution of the data is faithful. ;n practice: XEB is only locally optimal: and there

4ere attempts C2HF to o/ercome local maGima during greedy search Ky introducing randomness into XEB.

?his approach impro/es results Kut does not sol/e the proKlem of local maGima holistically. ?here are also

approaches that search o/er orderings of net4or5 /ariaKles instead of graphs. ;n a recent paper C\F: the

authors use 7ar5o/ !hain 7onte !arlo <7!7!= to search o/er orderings and compute a posterior o/er

features <i.e the posterior proKaKility o/er models that contain a particular feature=. ?here 4as also 4or5

done on searching orderings 4ith genetic algorithms C20F.

?he class of algorithms most successful in learning high-dimensional net4or5s use a hyKrid technique

of reducing the search space and then performing search. Bparse !andidate CEF 4as the !rst successful
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Max=Min (e1ris'ic is '$ !n. '(e 7aria8les '(a' are .e,en.en' $n T n$ ma''er $n *(ic( s18se' $2 CPC *e

c$n.i'i$n3 T(e sec$n. ,(ase $2 MMPC a''em,'s '$ rem$7e 2alse ,$si'i7es 89 'es'in# 2$r in.e,en.ence

$n all s18se's $2 CPC3 I2 '(is ($l.s 2$r s$me s18se' '(en '(e 'es'e. 7aria8le is rem$7e. 2r$m CPC3
T(e MMI5 al#$ri'(m r1ns MMPC $n eac( 7aria8le an. rem$7es m$re 2alse ,$si'i7es 89 c(ec0in# '(e

2$ll$*in#: 2$r e7er9 mem8erX 2r$m a 'ar#e' 7aria8le T Ls can.i.a'e se' CPC, *e rem$7eX 2r$m CPC i2

T is n$' a mem8er $2 XLs 5I5 se'3 T(e c$rrec'ness $2 '(e al#$ri'(m is s($*n in A31D3 T(e im,lemen'a'i$n
$2 MMI5 1ses '(e χ2 'es' 2$r c$n.i'i$nal in.e,en.ence3

!.& Other Approaches to Structure Learning

: .i22eren' se' $2 a,,r$ac(es '$ s'r1c'1re learnin# is 0n$*n as c$ns'rain'=8ase.3 : c$ns'rain' 8ase. me'($.

1ses s'a'is'ical .e,en.ence meas1res, 2$r exam,le '(e χ2 'es', '$ .isc$7er .e,en.encies 8e'*een 7aria8les

in '(e ne'*$r03 Ke,en.enc9 in2$rma'i$n is '(en 1se. '$ crea'e c$ns'rain's $n '(e ne'*$r0 s'r1c'1re, since

7aria8les 2$1n. '$ 8e in.e,en.en' cann$' (a7e an e.#e 8e'*een '(em3 T(e SSS al#$ri'(m A2UD an. I5

al#$ri'(m A2VD are exam,les $2 c$ns'rain'=8ase. al#$ri'(ms3 : m$re recen'l9 ,resen'e. c$ns'rain'=8ase.

al#$ri'(m A2D, T(ree I(ase Ke,en.enc9 :nal9sis, 1ses 'ec(niq1es 2r$m in2$rma'i$n '(e$r9 '$ 'es' 2$r .e=

,en.encies an. ,er2$rm searc(3

S'r1c'1re learnin# al#$ri'(ms als$ 1se c$ns'raine. searc( '$ re.1ce c$m,1'a'i$n 'ime3 O,'imal Rein=

ser'i$n A23D is a c$ns'raine. searc( '(a' 1ses s,ecial .a'a s'r1c'1res '$ 8e m$re e2!cien'3 I' s'ar's 2r$m a

,ar'ic1lar ne'*$r0 an. '(en n$.e 89 n$.e rem$7es e.#es an. reinser's (i#(er sc$rin# e.#es 89 searc(in#

'(r$1#( ,aren' an. c(il.ren se's3 :n exac' me'($. 2$r !n.in# a ne'*$r0 s'r1c'1re is ,r$,$se. in A1UD, 81'
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a method for sample improvement if the sampling does not include a score improvement criteria. Metropo-

lis 6astings Monte 7arlo 899:, which rejects samples that score below a threshold, is commonly used. The

initial sampling strategy should construct the initial model using domain information, heuristics, or by sam-

pling uniformly.

The distance metric has to create a search landscape that meets the following assumption for MAS to

work effectively: the search space has to be continuous, in the sense that high scoring samples will be near

other EsimilarF high scoring samples. The search space cannot have one extremely good sample that is far

away from all other samples because our model assumes that sampling in high scoring regions will increase

the likelihood of encountering high scoring structures. Higure I illustrates a good and bad landscape for

MAS.

! !

" "(a) (b)

Higure I: (a) A good landscape for Model-Aased Search, where the landscape is continuous and contains

several wide hills where sampling in a region will lead us to the maximum. (b) A bad example where there

is one very narrow maximum far from any other high scoring regions, so sampling in the region will not

lead us to the global maximum.

The evaluation function takes two metrics into consideration. Hirst is the quality of the sample given by

some energy or scoring function, which we call the sample score. Second is a metric used to help maintain

distant samples, which prevents search from becoming too concentrated. This metric is called the radius

and is de!ned as follows: the shortest distance to a sample with a higher score, normalized by the largest

distance. A weighted sum of these metrics is known as the model score and is used to evaluate the !tness of

the samples in our model.

Model-Aased Search Algorithm

O. 7reate model by allocating n initial samples

9. 7ompute model score of each sample

I. Prune low scoring samples

Q. Allocate new samples to sampling method

R. Sample around high scoring samples

S. Test for convergence and either go to 9 or terminate

Higure Q: The steps of the Model-Aased Search algorithm

Tsing our sampling methods, evaluation function, and distance metric as building blocks, we can imple-

U
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PDAGs. We can also go a step further and include statistical similarities between two Bayesian networks.

This can be done using a statistical test, such as mutual information. Mutual information is de!ned as:

MI(A,B) =
∑

a,b

P (a, b)log
P (a, b)

P (a)P (b)

P(a) is computed by normalizing the count of “a” in the data set. By factoring in a missing edge’s statistical

effect on the model, two samples are different if the set of edges in their intersection contributes to the

statistical meaning of their respective models. A missing edge with high mutual information will have a

large contribution towards the sample (BDeu) score and is therefore more signi!cant when comparing a

structure that contains the edge and a structure that does not.

!"#"$ %llocation of .e0 Samples

To explore around our promising samples, each region in the model is assigned a particular number of

new samples to be generated by the sampling methods. The amount of samples per region is determined

by the model score (described in the previous section) of the sample representing the respective region.

The sample score component of the model score in our implementation is the BDeu score, and the distance

metric component is the difference of two DAGs weighted by mutual information. Regions where the model

score is the highest are sampled the heaviest. The total number of samples is kept consistent with the initial

number of samples by pruning (section 4.1.6).

!"#"! Sampling 6egions

Once the number of samples has been allocated to a region, the search space is sampled in this region. This

is done by running Metropolis Monte Carlo [22] from each sample. Metropolis Monte Carlo explores the

region by performing a random walk using add edge, delete edge, or reverse edge as operations. It accepts

higher scoring steps and some lower scoring ones based on a Boltzmann function:

P (t) = e
scorenew−scoreold

KT

By changing the parameter T , one can adjust the threshold for accepting a low scoring sample.

!"#"7 Sample 8mprovement

After sampling there is a sample improvement step. Monte Carlo improves scores while performing its

random walk, but even a few steps of hill climbing can add high scoring edges that Monte Carlo may take

a long time to encounter randomly. This step is speci!c to MBS in Bayesian Network structure learning

and is motivated by the property that high scoring structures will usually contain a signi!cant amount of

common edges. The sample improvement algorithm is greedy hill climbing (described in section 3) with the

following technique to save computation. Since a local move only affects a local component of the scoring

function as discussed in the background section, we only need to keep track of the best local move per node.

Initially this requires computing the score increase for every possible edge in the search space, but after this

initial computation we only have to recompute the best move for the node that was affected by the most

recent move. We then check a data structure that caches the maximum score improvement from every local

operation and perform the best operation.
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tractable, sample improvement by greedy search must be removed from MBS. Maintaining a greedy search

space for each sample in the original unconstrained search space is too expensive, so sample improvement

must be less greedy (e.g relying on Monte Carlo). We eventually encounter the issues discussed above with

Monte Carlo, so a high performing implementation remains a challenge.

! E#$%&'(%)*+

In the !rst experimental section, we present experiments varying the parameters of Model-Based Search,

compare it to a distributed search that does not share information, and show it is a low variance stochastic

search. In the second experimental section, we compare the performance of Model-Based Search with the

Hill Climbing (augmented with a TABU list) and the Max-Min Hill Climbing algorithms implemented in

Causal Explorer. For the Gene network, hill climbing is replaced with the Sparse Candidate algorithm

also implemented in Causal Explorer. MBS is shown to consistently !nd higher quality networks on high-

dimensional networks using two separate metrics. The data used in all experiments is generated from a

known network, so the learned network can be compared with the optimal result. Table 1 shows the networks

from which the synthetic data sets were generated and their properties.

DATA SET VARIABLES EDGES DOMAIN RANGE

CHILD 20 25 2-6

INSURANCE 27 52 2-5

ALARM 37 46 2-4

CHILD10 200 257 2-6

INSURANCE10 270 556 2-5

ALARM10 370 570 2-4

GENE 801 972 3-5

Table 1: Networks used in experiments and their properties. The domain range is the range of the domain

sizes of the variables in the network (e.g a domain range of 2-3 indicates binary variables and variables with

3 possible states).

Note that the suf!x 10 means the original network was pasted 10 times and connected randomly as

in [31]. All experiments are performed using 1000 data samples except where noted. We found that us-

ing more data samples leads to over-!tting, where networks with a higher score than the network which

generated the data are found. Also, some real-world data sets may not contain an immense amount of

data samples, so 1000 samples is a balance between over-!tting and having enough information about the

distribution.

Unless noted in a speci!c section, experiments on networks with under 100 variables are learned with

10-sample MBS with 20 Monte Carlo and 10 hill climbing steps per iteration. Networks with over 100

variables are learned with 15-sample MBS with 40 Monte Carlo and 15 hill climbing steps per iteration.

Sparse candidate experiments use maximum parents parameter of k = 5 and conditional mutual information
as the statistical test. MMHC, Hill Climbing, and MBS terminate after 15 iterations with no improvement.

!,- E#$%&'(%)*+ .'*/ 012

!,-,- 34&'4)5%

Since MBS is a stochastic search algorithm, we show the results of running MBS on the same data with

different random seeds. Results (Figure 5) indicate a low variance on the output of MBS, and we can see
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that it performs consistently regardless of the randomization seed. The standard deviation is over 15 runs

per data set.
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Figure 5: M<= is a stochastic algorithm and its variance is shown on data sets ?ene and Alarm10. The error

bars indicate one standard deviation. The graphs show that the variance of M<= is small enough that we can

consistently compare results with the other deterministic algorithms like hill climbing, MMEC, and =CA.

!.#.$ %he (odel

To show the bene!t of maintaining a model of the search space, we ran 15 independent trials of 1-sample

M<= and compared the results with a 15-sample M<= run. 15 runs of 1-sample M<= is a distributed

search that does not use any information during search since the samples do not communicate. The results

are shown in Figure H. None of the !fteen trials reached the score that 15-sample M<= obtained in the

equivalent number of iterations. 15-sample M<= also maintains the highest score throughout each iteration.

This makes clear the advantage of using the knowledge gained in search to bias the next iteration.

!.#., -istance (etric

Le performed experiments using four different distance metrics. The !rst is setting the distance between

every sample as 1. The second is the exclusive-or of the two graphs. The third is the exclusive-or discounted

by reversed edges and the fourth is the third metric weighted by mutual information. These experiments

were run on the child10 data set and the results are shown in table 2. Four experiments per trial and 10

trials were performed. Every trial had a unique random seed that was shared by the four different distance

metric experiments per trial. The results show that the !rst metric, having every sample equidistant from the

others, performs the worst. The simple exclusive-or is the second worst of the metrics. Onfortunately the

metric weighted by mutual information did not outperform the third metric as we had hoped. This leaves

future work to determine if the metric can be improved, perhaps by a weighting or a different statistical test.

The results do indicate that the distance metric affects performance, and our intuition about improving the

distance metric is correct.
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