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Abstract

In this paper we focus on the LRU cache under the independence reference model to systems where
requests for different contents are described by independent stationary and ergodic processes. We extend
a TTL-based approximation of the cache hit rate, first proposed by Fagin, [7], for the independence
reference model to this more general workload model. We further show that this approximation becomes
exact as the number of contents goes to infinity while the ratio of number of contents to cache size remains
constant. Moreover we establish this not only for the aggregate cache hit rate but for every individual
content. Last, we obtain the rate of convergence.

1 Introduction

Caches form a key component of many computer networks and systems. Moreover, they are becoming
increasingly more important with the current development of new content-centric network architectures. A
variety of cache replacement algorithms has been introduced and analyzed over the last few decades, most
based on the least recently used algorithm (LRU). Considerable work has focused on analyzing these policies
[2,3,8,15] for iid requests (the so-called independent reference model - IRM) and for Markov-modulated
requests [6,13,14].

However, with the exception of time-to-live (TTL) caches [5], networks of caches defy exact analysis and
only approximations have been developed [4,17]. The link between an LRU cache and a TTL cache has been
first pointed out in [7]. In this paper, Fagin introduced the concept of a characteristic time (our terminology)
and showed asymptotically that the performance of LRU converges to that of a TTL cache with a timer
set to the characteristic time. With the exception of an application to caching in [8], this work disappeared
and several papers [4, 10, 12] reintroduced the approximation for LRU, its variants, and other cache policies
(FIFO, random). More recently, [11] extended the characteristic time (CCT) approximation to a setting
where requests for distinct contents are independent and described by renewal processes. The accuracy of
this approximation is supported by simulations but a theoretical basis is lacking. Providing a theoretical
justification of this extended CCT approximation is the focus of this paper.

The main contribution of this paper is an extension of Fagin’s results for LRU under IRM assumptions
to the more general setting where requests for different content are independent of each other but requests
to each content are described by a stationary and ergodic process. Based on these results, we develop a CCT
approximation for the performance of an LRU cache. Furthermore, we provide simple closed form bound on
the approximation error, which yields the rate of convergence of the approximation to the asymptotic limit
as the cache size and number of contents increase to infinity while keeping the ratio of the two constant. Our
approach is similar to that of [16], which provides an error bound for CCT approximation under shot noise
request model. The bound in [16] is in the form of an optimization problem and requires numerical compu-
tation. For stationary and ergodic request processes, we are able to bound the value of the corresponding
optimization problem analytically under some mild conditions.



The rest of the paper is organized as follows. Section 2 presents our model of an LRU cache under a
general request model. Section 3 presents the extension of Fagin’s result to the case where requests for
contents are described by independent stationary and ergodic processes. We then establish convergence
results for all individual contents in Section 4 and convergence rates in Section 5. Section 6 extends the
results to cover scenarios where different content providers with different request workloads share an LRU
cache. Last concluding statements are provided in Section 7.

2 Model

We consider a cache of size C' serving n unit size contents labelled ¢ = 1,...,n where C € (0,n). Requests
for the contents are described by n independent stationary and ergodic point processes N; := {t;(k), k € Z},
where —oco < -+ < t;(—1) < #(0) <0 < ¢;(1) < --- < oo represent the successive request times to content
¢t = 1,...,n having probability measure P and associated expectation operator E. Let 0 < \; < oo denote
the intensity of request process Nj, i.e., the long term average request rate for content i (see e.g. [1, Sections
1.1 and 1.6] for an introduction to stationary and ergodic point processes).

Let P? be the Palm probability associated with the point process N; (see e.g. [1, Eq. (1.2.1)]). In
particular, PY({¢;(0) = 0}) = 1. In other words, under P? content i is requested at time ¢ = 0. Define
Gi(x) = PY(¢;(1) < ), the cdf of the duration between two successive requests to content i under PY. It is
known that E?[¢;(1)] = 1/\; [1, Exercice 1.2.1], with E{ the expectation operator associated with PY.

Last, we define P, the Palm probability associated with the point process {t(k),k € Z}, —o0 < --- <
t(—1) < ¢(0) <0 < t(l) < --- < oo, resulting from the superposition of the n independent point processes
Ni,...,N,. Under P a content is requested at t = 0 (since P°[{t(0) = 0}] = 1). Let Xo € {1,...,n}
denote this content. We denote by E° the expectation operator associated with P°. It is known that (see
e.g. [1, Section 1.4.2])

P(1(0) = Y] = 1y =", W

with A := 3" \;. We assume that A := lim,,_,o, A™ € (0, 00).

For any cdf F' with support in [0, 00), let

Fa) = g [ Pl 2

where F = 1 — F is the ccdf, and EF = fooo F(y)dy is the mean. It is well-known that (see e.g. [1, Section
1.3.4])

P[—t:(0) < o] = P[t;(1) < ] = ), / " Gly)dy = Cule) 3)

for each 7. When moving forward (resp. backward) in time, P[—¢;(0) < z] and P[t;(1) < z] are the cdfs of the
age (resp. residual time) and residual time (resp. age), respectively, associated with the inter-request times
of content 1.

We assume that

Gi(z) = G(na), (4)

for some cdf G with mean 1. Note that (4) holds if G;(-) is the exponential distribution. It follows from (2)
and (4) that

Gi(z) = G(\ix). (5)

We also assume that there exists a continuously differentiable cdf F with support in [0,1] such that for

1=1,2,...,n,
) ,— 1 1
P = F () _F ( ) = L), (©)
n n n




where ffn) € (% %) The existence of fi(") is guaranteed by the mean-value theorem. We assume that

F'(z) > 0 a.e. on [0,1]. We allow F’(0) to be infinite, to allow Zipf’s law in particular.

Let Y;(t) = 1 if content ¢ was requested during the interval [—¢,0) and Y;(t) = 0 otherwise. With this
notation, Y'(t) := Y7, Y;(¢) is the number of distinct contents requested during [—¢,0). Let [—7,0) be the
smallest past interval such that there have been C' distinct contents referenced in that interval, i.e.,

T=inf{t: Y (t) > C}.

Note that if we reverse the arrow of time, we obtain in steady-state statistically the same request processes,
and 7 is a stopping time for the process Y (¢). The stationary hit probability of an LRU cache is then given
by

HMRY = POyy (1) =1]. (7)
If the cache is a TTL cache with timer 7', the hit probability is
HTM(T) = P[Yx, (T) = 1]. (8)

More specifically, P?[Y;(7) = 1] and PI[Y;(T') = 1] are the stationary hit probabilities of content i in an LRU
cache and in a TTL cache with timer T, respectively. Observe that

HYRY =ip§">P?m<T> =1 and HTTY(T) =ip§”>P?m<T> =1]. (9)
Define L .
B () = /0 GwF (2))de and h*(v) = /O F(2)GwF (z))da. (10)

In the next section, we show that, as n becomes large, an LRU cache behaves as a TTL cache with a timer
value that we identify.

3 Asymptotic behavior

Throughout T}, (v) = nv/A™. This section is devoted to the proof of the following result:
Proposition 3.1. Assume that C' ~ nfBy with By > 0. Then,

: LRU __ : TTL
nh_}ngoH = nh_}rgoH (T,(v0)) (11)
= h*(n), (12)

where vy is the unique solution in (0,00) of B*(v) = fo.

This result shows that, when the number of contents n is large, the hit probability of a LRU cache of
size nf is close to the hit probability of a TTL cache with timer 7' ~ von/A™). This result was first proved
rigorously by Fagin [7] in the IRM setting. Our result provides a rigorous extension of Fagin’s result to the
case when successive requests to each content follow a stationary and ergodic process and when these content
request processes are mutually independent.

Fagin’s work went mostly unnoticed (although cited in [8]) and the connexion between LRU and TTL
caches in the IRM setting was rediscovered in [4] through simple but non-rigorous arguments. On the other
hand, [4] was one of the first attempts (with [17] and later [5]) to study a network of caches and to develop
approximations for the performance metrics of interest (hit rate, etc.) by using the connexion between LRU
and TTL caches.

Proposition 3.1 holds for a unique content popularity cdf (see (6)). Its extension to several content pop-
ularity probability distributions is addressed in Section 6. Such a model may be useful when, for instance,
several content providers share a common LRU cache and contents associated with different providers exhibit
different popularity probability distributions.

The proof of Proposition 3.1 relies on the eight lemmas stated and proved below.



Lemma 3.2. Fori,j=1,...,n,t>0,
POIYi(t) = 1] = L ;=43 Gi(t) + L2y Ga(t). (13)
Furthermore, Y1(t),...,Y,(t) are mutually independent given Xj.
Proof. Assume first that j = i. Then,
POYi(t) = 1] = PY[—t,(—1) < ] = Gi(t).
Assume now that j # i. We have
PI[Yi(t) = 1] = P[-£:(0) < ] = Gy (t)

from (3). This proves (13).
The second statement of the lemma is a consequence of the independence of the point processes {t1(k), k €
Z}, ... {tu(k), k € Z}. O

For a TTL cache with timer 7" define
e C(T) as the expected number of contents in the cache;

e C?(T) as the expected number of contents in the cache seen by a request for content i

Note that
C(T)=E[Y(T)] and C(T)=EJ[Y(T)]. (14)
Lemma 3.3.
or) = (15)
i=1
CUT) = C(T)+Gy(T) - Gi(T). (16)

The mapping T — C(T') concave. Furthermore, it is strictly increasing for all T such that C(T) < n.
Proof. We have

from (3), which proves (15). To prove (16) observe that

CHT) =E)[Y(T)] = Y _BY;(T) =1] =) Gy(T) + Gi(T) = O(T) + Gu(T) — Gi(T),
j=1 =1
J =
by using (13) and (15).
Note that C'(T) = Y1, Ai(1 — G4(T)). Since C'(T) is a decreasing function of T, it follows that C(T)
is concave.
Since C'(T') > 0, we conclude that C(T') is non-decreasing. Assume that C'(T) = 0 for some T' > 0.
Then, G;(T) = 1 for each ¢ which yields G;(T) = 1 for each ¢ (Hint: G;(¢t) =1 for all ¢ > T') which in turn

implies that C(T") = n. Therefore, C'(T') > 0 for all T such that C(T") < n, which proves that the mapping
T — C(T) is strictly increasing at such 7. O

For a TTL cache with timer T, (v) define

e 3" (v) = (1/n)C (T (v)), the expected fraction of contents in the cache;



. ﬁ?’(") (v) = (1/n)CY(T,(v)), the expected fraction of contents in the cache seen by a request for content
7.

The next two lemmas investigate the limiting behavior of 3™ (v) and BS’(H)(U) as n — oo.

Lemma 3.4.

Jim 5 (1) = 5*(v), (18)
where *(v) is defined in (10). Moreover,
d * _ *
55 (v)=1-h*"(v) >0, (19)

which is strictly positive for all v > 0 such that 5*(v) < 1.

Proof. With (15) we get

éz(Tn(V)) =

3=

B () =

3=
\M:

q
Il
_

S G AMT,(v)  from (5)
i=1

GwF'(£(")) from (6)

I
S |-
INgE

Il
o

1
— / GF'(x))dz = B*(v) as n — .
0
Differentiating h*(v) in (10) wrt to v readily gives the rhs of (19). Note that we have pushed differentiation

inside the integral sign by Theorem 2.27 of [9]. If -L3*(v) = 0, then h*(v) = 1. Since h*(v) < 1 and
F'(z) > 0 a.e. on [0, 1], we must have G(vF'(z)) = 1 a.e. on [0, 1], in which case

R vF'(z) B 0
GWF' (@) = / Gly)dy = / Gly)dy =1

a.e. on [0, 1], which implies 8*(v) = 1. This concludes the proof. O

Lemma 3.5. Fori=1,...,n and v > 0,
0,(n) (n) 1
82 ) - )] < =

In particular, lim,_, o B?’(n)(u) =lim, 00 B (v) = B*(v) for alli=1,...,n and v > 0.

Proof. By Lemma 3.3

S|

82 w) = B = LGV (T (0) = Gi¥ (T ()] <

by using the fact that G; and G, are both cdfs, and the lemma follows. O

Note that if request processes were Poisson processes the identity ﬁ(")(u) = BO’(")(V) would hold since

G;(-) = G;(-) for each . A result which would also follow from the PASTA property.

The next lemmas focus on the hit probability in a TTL cache with timer 7" both for finite n and when
n — oo.

Lemma 3.6. .
HTTHT) =3 piGi(T).
i=1



Proof. From (8) we obtain

=1 =1
O
Lemma 3.7.
lim HTTH(T, (v)) = h*(v),
n—oo
where h*(v) is defined in (10).
Proof. From Lemma 3.6
H'M (T, () = 3 p™ GilTu(v)
i=1
= Zpgn)G()\iTn(l/)) from (5)
i=1
1o n
=Y ~F(EV)GwF (")) from (6)
i=1
1
— / F'(2)G(WF'(z))dz = h*(v) asn — oo.
0
O
Lemma 3.8.
P[Yx, (1) = 1,7 < T] < P[Yx, (T) = 1,7 < T1,
and
PO[Yx, (1) = 1,7 > T] > P'[Yx,(T) = 1,7 > T].
Proof. Since Yx,(t) is increasing in ¢, the inequalities follow from a simple sample path argument. O

The next lemma shows that 7 is concentrated around 7 (). Tt is given in a form that is more general
than needed in this section, but we will need this form in Section 4.

Lemma 3.9. Assume that C ~ Bon with Sy € (0,1) and let vy be the unique solution of 5*(v) = By. For
<y <vrvg, asn — o0,

max PY[r < TV(I‘)] — 0,

1<i<n
and

max PY[r > TV(;’)] — 0.

1<i<n
Proof. Since 8*(0) = 0, lim, _, o, 8*(v) = 1 and the mapping v — §*(v) is continuous, the equation 8*(v) = 5y
has at least one solution in (0, c0) when Sy € (0,1). The uniqueness of this solution comes from Lemma 3.4.

Thanks to Lemma 3.5 we have
LOF1

Ol gy < € g < B (1) (20)

n n n

fori=1,...,n.

Since 8*(vg) = By < 1, we know by Lemma 3.4 that df*(v)/dv > 0 at v = vy so that Sy — (1) > 0
for all 0 < 11 < vy and By — B*(v2) < 0 for all v > 1y by using the fact that the mapping v — S(v) is
non-decreasing. Consequently, for 0 < v < vy,

lim (C . Ww) — Bo— B () > 0, (21)

n—00 n



and for vy > vy,

lim (C 1 5(")(1/2)) = Bo — B*(r2) <0, (22)

n—00 n

by using Lemma 18.
Recall the definition of 7,
T=inf{t: Y (t) > C}.

Fix 0 < v; < 1. By (21) we know that there exists N; such that (C' — 1)/n — 8" (vy) > 0 for n > Nj.
Hence, for n > Ny,

PY[r < T(11)] < BYY (T, (1)) = €
= PYY (T (1)) — EV[Y (T ()] = C — 0" (11)] as E2[Y (T, (11))] = 0™ (1)
< PYY(To(1n1)) — EXY (T, (1)) = «—nm—MmeW@m
< 20 H(C=1=nB (m))? _ =2n((C=1)/n=B") (m))* (23)

for i =1,...,n, where (23) holds from Hoeffding’s inequality. Therefore, as n — oo,

-1 ?
max PY[r < T(n)] < exp {—Zn [ n ﬂ(n)(’/l)} } — 0.

1<i<n

Fix v < vp. By (22) we know that there exists Ny such that (C'+1)/n— 8 (v5) < 0 for n > Ny. Hence, for
n > No,

Py[r > Tp(v2)] < PY (T (v2)) < C]
POYi(Ta(v2) — EVIY (T ()] < C = ™ (1)
PO

[Yi(To(v2)) = E[Y (T ()] < n((C + 1)/n = B ()]
e~ 20 H(CH1=nB™ (1) _ =2n((C+1)/n=BM (12))? (24)

IN

IN

for i =1,...,n, where (24) holds from Hoeffding’s inequality. Therefore, as n — oo,

2
max PY[r > T(n)] < exp {—Zn [C: L ﬁ(n)(’&)} } — 0.

1<i<n
O
We are now in position to prove Proposition 3.1.
PROOF OF PROPOSITION 3.1. Let v1 < vy < v5. Observe from Lemma 3.9 that, as n — oo,
PO[r < T, (v z;pl P[r < T (1)) <1Iga<xnp [r < Tn(v1)] = 0 (25)
and N
PO[r > T(v)] = 3 p{PV[r > Ty ()] < max PY7 > T (v2)] = 0 (26)
1=1
We have
HYRY = B[y, () = 1]
>PO[Yy, (1) = 1,7 > T,,(11)]
> P[Yx,(T(v1)) = 1,7 > T,,(v1)] from Lemma 3.8
> PV, (Tn(v1) = 1] = POr < T (1))



With the help of Lemmas 3.7 and (25) we find

liminf H*RY > lim HTTE(T, (1)) = h* ().
n—oo n—oo
Letting 11 — 1p,
liminf HYRY > b*(1).

n—oo

For the other direction, note that

With the help of Lemmas 3.7 and (26) we obtain

limsup H*?Y < lim HTTE(T, (v2)) = h* ().
n— 00 n—00
Letting v — vy,
lim sup H*RY < h*(vp).
n—oo

Therefore,
lim H"RY = p* ().

n—o0

4 Uniform convergence

It has been observed numerically in [10] that the characteristic time approximation is very accurate uniformly
for contents of a wide range of popularity rank. In this section, we prove that this is indeed the case in the large
system regime. Proposition 4.1 shows that the hit probabilities of individual contents in the characteristic

time approximation converge uniformly to the corresponding hit probabilities in the LRU cache.
Recall that v is the unique root in (0,00) of h*(v) = fy € (0,1) and that T}, () = nre/A™.

Proposition 4.1. Assume that C ~ Son with By € (0,1). Suppose G is continuous. Then,

max |IP?[Y¢(T) =1] - IP’?[Yi(Tn(VO)) = 1” -0 asn— .
1<i<n

Proof. Let 11 < vy < v5. Note that
PYYi(r) = 1] > P)[Yi(7) = 1,7 > T (11)]
> PY;(T,(v1)) = 1,7 > T,,(11)]]  from Lemma 3.8

1] = PV[r < T),(v1)].

=
S
S

I

For the other direction, note that

PY[Yi(r) = 1] <P}[Yi(7) = 1,7 < T, (va)] + BY[1 > Tpu (12)]
< PY[Y; (T (v2) T < Ty(v)] + P21 > Ty (12)] from Lemma 3.8
< PYYi(To(v2)) = 1]+ PY[r > T (12))].

Since

P (T (1)) = 1] < BY[Yi(T0(v0)) = 1] < PY[Yi(T (1)) = 1],

7



we obtain
PO1Y; () = 1] — BOYi(T (1)) = 1]

1
< BUYi(T (1)) = 1] = BYi(T (1)) = 1] + B[ > T, (12)] + B[ < T3, (1)

= Gi(Tu(12)) = Gi(Tu(1)) + BY[1 > Tp(v2)] + B [1 < Ty (11))]
= G(F'(&")v2) = GF'(€")w1) + PO[r > T, (v2)] + PV[r < T(»1)] by using (4).
Thus,
max [F[Y;(r) = 1] = PY[Yi(T(0)) = 1]|
< max [G(F/(e" ) — GUF'(E")m)] + max PUr > Ti(v2)] + max BYfr < T, ()]
< sup [Glywa) = Gly)] + max BT > To(ve)) + max Pilr < T(n)]
By Lemma 3.9,

lim max |P7[Y;(r) = 1] = PY[Yi(T (o) = 1]| < sup [G(yra) — G(ym)] .
n—oo 1<i<n y>0

The conclusion follows since the r.h.s. can be made arbitrarily small. Indeed, let 1,5 be close enough to vy
so that 1,15 € [%I/O, 21g]. Given any € > 0, since vy > 0, there exists a large enough L such that

1-— G(Ll/o/2) < €.
Thus
st>1[L) [G(yv2) — G(yr1)] <1 —G(Ly/2) < e.

Being continuous, G is uniformly continuous on [0,2Lvg]. When v5 — 14 are small enough,

sup [G(yr2) — G(yn)] < e.

y€[0,L]
Therefore,
sup [G(yr2) — G(yr)] <e,
y=0
which concludes the proof. O

Proposition 4.1 provides an alternative proof of (11) in Proposition 3.1 since, by (9),

HYRY — HY(T, )| = |3 pl” (BIYi(r) = 1] = POYA(T, () = 1)
< I{ax POV (1) = 1] = PY[Y;(T(v0)) = 1]| = 0 as n — oo.

1<i<n

Note, howewer, that (11) is proved in Section 3 without the additional assumption, used in Proposition 4.1,
that G is continuous.

5 Rate of Convergence

Let 6; = 0 if the request process for content ¢ = 1,. .., n is Poisson and d; = 1 otherwise. Let § = maxj<;<y, d;.
Throughout this section, we assume the aggregate request rate is normalized, i.e. ), A; = 1, which can be
achieved by changing the unit of time.

From C(0) = 0, C(c0) = n and the strict increasingness of the mapping T — C(T) (see Lemma 3.3),
we know that the equation C(T) = C € (0,n) has a unique solution in (0, 00), which we call Ty. Define
po = C'(Ty) = >oi_; Mi(1 — Gi(Tp)) (use (15)) the miss rate in a TTL cache with timer Tj. Assume that
o > 0.



5.1 Main Results

Proposition 5.1. Suppose there exist a constant B and p € | g 1] such that

noTo’
)
ol 97
oo p] (27)

|Gi(To) — Gi(Ty £ €Tp)| < Be,  fore € [

Let Dy = \/%,uOTO. Assume Dy/B > \/g and

1+\/10g%0<D0p—\/56. (28)
n

Then,
BS§ B ([ D 1
O1y: (1) = 1] — PO[Y;(Ty) = 1]| < = = — .
juax IPO[Yi(r) = 1] = PY[Y;(Tp) = 1]| < oo +D0 ( log = +1+ ﬂ) (29)
In particular,
B§ B D 1
HWRU _ gTTL(T)| < + = (1Jlog 2 +1+— . 30
| ( O)l_uoTo Dy 85 7 (30)

Note that (27) holds for a large class of distributions.
Example 5.2. For Poisson arrivals, G;(t) = e~%i‘. For any € > 0,
0 < Gi(Ty) — Gi(Ty + Tp) = e NiTo(1 — e ieT0) < N Tpe iToe < e le,
For € € [0,1],

0< Gi(To— eTy) — Gi(Ty) < supe “(e* —1) = (1 —g)* e <e.
x>0

Thus (27) holds with B=1 and p = 1.
Example 5.3. Suppose G;’s are continuously differentiable. By the mean value theorem, there exists &; €

[1,1+ €] such that

0 S GZ(TO) — Gl(To + ET()) = G;(flTo)ETU S &T()G;(&To)g S |:Sup tG;(t):| &,

t>0

Similarly, there exists (; € [1 — €, 1] such that

_ - i €
0 < GZ(TQ — ETQ) — GZ(T()) = G;(CZT())&TO < 1 < ETOG;(QTO)E < 1 P |:Sg%) tG;(t):| .
_ —p >
Thus (27) holds with p € [2,1) and
1 /
B = —— max suptG;(t).

1 —pi1<i<ny>p

Note that sup;s, tG(t) < oo is invariant under arbitrary rescaling, so we may replace G; by its scaled version
for convenience. Since G; has finite mean, sup;> tG)(t) < oo, and hence B < co. Note that B may diverge
to infinity as n increases. If the G;’s are from the same scale family, i.e. G;(t) = G(\;t) for all 7, however,

1

B=— MtG (\t) = tG'(t) <
T p M NICTON) = e < oo

for any n. In particular, for Poisson arrivals, (27) holds with B =e!(1 —p)~! and p € [0,1).

10



An example where the G;’s are not from the same scale family but we still have finite B for all n is provide
by gamma distributions with shape parameters a; that have a common upper bound aay, i-€.

1 ta,;—l —t

G = oy ,

where we have set the scale parameter to 1 by the invariance mentioned in the previous paragraph. In this
case,

i g
R = Ry ST T Ty
and hence
B= 1 max oite ™ < max afe < 00
1—pi<i<n T(oy) ~ 1—po<a<oms ()
for any n.

Corollary 5.4. Assume that §; = 0 for all i = 1,... (Poisson requests). If C ~ Bon with By € (0,1) and
min; \; = Q(n~7) for 1 <y < 3/2, then

max |PY[Yi(r) =1] = P[Y;(Tp) = 1]| = O (Tﬂ_s/?\/logn) .

1<i<n

Note that for Zipf’s distribution with parameter «;, i.e. A\; oc i~ ¢

b

O(n1), 0<a<l;
min\; = ¢ O(n~1/logn), «a=1;
O(n—%), a> 1.

Thus for a < 3/2, the condition is satisfied with v = max{1, a}.

Proof. From Example 5.2 we know that (27) holds with B = p = 1, which by Proposition 5.1 gives

max [PU[Vi(r) = 1] - POY(T) = 1] < ﬂﬁ% log (ﬁuon>+1+;§ . (31)

Note that (Hint: G; = G, when §; = 0)

Mo = Z)\zéz(TO) Z mlln /\1 ZGl(TO) = (?’l — C) miin /\i = Q(nl_ﬂy).
i=1

i=1

On the other hand C' = Y27 | G4(Tp) < ToA™, so that Ty = Q(n), ueTo/v/n = Qn3/>77) and therefore
v/ Ty = O(n7=3/2), which concludes the proof.

O
5.2 Proof of Proposition 5.1

Define C?(T) = E?[Y (T)], the expected number of distinct requests in [T, 0) given that a request for content
1 is made at ¢t = 0.

Lemma 5.5. ForT >0
|CYT) = C(T)| < 6, (32)

fori=1,....,n.

11



Proof.

CHT) = EIY(T)) :il}»g’(yj(t) =1)= Zn: G,(T) + Gi(T) from Lemma 3.2
j J=1,5i

= C(T)+ Gi(T) — G4(T),

by using Lemma 3.3. If §; = 0 then G4(T) = G4(T) and CO(T) = C(T) which shows (32). Assume that
0; # 0. We have R
|CYT) = C(T)| = |Gi(T) = Go(T)| < 1

since G; and CAT'z are cdfs. This proves the lemma. O

Lemma 5.6. For ¢ > 6;/(poTo), we have
P?[T > (14¢)Tp) < 672"'_1(/107106761-)27

and ) 2
Pr < (1—e)Tp] <e " (noToe—6:)*

Proof. Recall the definition of 7,
T=inf{t: Y (t) > C}.

Let Ty = (1 — €)Ty. By Lemma 5.5
C—CXT) >C —6; —C(Ty) = C(Ty) — C(Ty) — 6.
By the concavity of C(T') (see Lemma 3.3)
C(To) = C(T1) = C'(To)(To — Th) = poToe > 4

so that
C(Ty) — C(Ty) — 6; > poToe — &; > 0.

By Hoeffding’s inequality,

PY[r <] < PY[Y(Th) > C]
=P[Y(T) - E}[Y(11)] 2 C— C(Th)] as E[Y/(T)] = CP(T7)
< PY/(Th) = EJ[Y/(T1)] > poToe — 1]
<e H(noToe—3:)* by Hoeffding’s inequality.

Similarly, for To = (1 + ¢)Tp,
C—CYTy) < C—C(Ty) +6; < 6; — C'(To) (T2 — To) = 6 — poToe <0,
so that

Pl > Tp) < PY[Y (T3) < O]
= P”[Y Ty) —E}Y(T)] < C = C(T2)] as E)[Y(I2)] = C}(T2)
PY[Y (Ty) — EJ[Y (Th)] < & — poToe]
<e 2 “H(noToe=5:)? by Hoeffding’s inequality.

We are now in position to prove Proposition 5.1.

12



Proof of Proposition 5.1. Fixi € {1,...,n}. Let T} = (1—¢)Tp and Tp = (14¢)Ty, where e > ¢; := ;/(poTo)-
Let
U(i,e) = Be + e=2n (moToe=6:)*

Note that
PI[Yi(r) = 1] = P][Yj(r) = 1,7 > T]
>PU[Y;(Th) = 1,7 >Ti] from Lemma 3.8
> PYYi(Ty) = 1] — PY[r < T1]
Hence,
PYi(To) = 1] = POY;(r) = 1] < Gi(Top — eTp) — Go(Tp) + e~ (oTos=00)
< U(i,e).
Similarly,
PYYi(r) = 1] < PYYi(r) = 1,7 < To] + P{[7 > T3]
<PUYi(To) = 1,7 < To] + PY[r > T3] from Lemma 3.8
< PYi(Tz) = 1] + Pl > T3],
Thus,
PO () = 1] = POYi(Ty) = 1] < G4(To) — G4(Tp + €Tp) + 2 (#oTos=00)°
< U(ie).
Therefore,

|PO[Y;(7) = 1] — PY[Yi(Tp) = 1]] < U(i,e).

Since the above inequality holds for any € € [e;, p],

!Mmm=u—wmaw=mglﬁgma
EE[Eq,P

Let n = \/%( oToe — i), Do = \/%M()To, and Ag = Dgp — \/gé. In this notation, U(i,e) = Bete ™ =
S+ B+ e Fore € [ei,p], 0 € [0, Dop — /28] 5 [0, Ay, Thus

uoTo
. BS.
B A O A S R U A §
The stationary point of the function n — Bn/Dg + e~ satisfies
e~ = B/D. (33)

Note that the function 1 — 2ne~"" maps [0, 00) onto [0, /2/€]. Since DO/B > /% by assumption, the above
equation has two positive roots (they are identical if Do/B = /e/2). Let ng be the larger root (> 1/v/2),
which minimizes Bn/Dg + e —7°_ Note that

2 2 2
B/Dy = 2npe™ 0 < e2m—1,—m — o—(no—1) ,

D
no < l—l—\/logfo.
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By (28), this implies 79 € [0, Ag]. Thus,

inf {B +—"2} B 4o B( +1><B log 20 114 2
in —n+e = — e = — — — og — — |,
neloaol | Do ! D™ Do\ " 200 ) = Dy B NG

where the second equality follows from (33), and the last inequality holds because n — n+1/(2n) is increasing
for n > 1/+/2 and 19 > 1/v/2. This shows (29).

The last statement (30) follows from (29) and the inequality

[HE = HTTHT) = | B (7)] = PIY(To)])] < [BY (7)] = PY[Y (To)]

6 Extension to several content popularity cdfs

In this section, we consider the situation where K > 1 service providers (SP) share a common LRU cache.

We assume that there are nby documents associated with SP £ = 1,..., K. Successive requests to con-
tent ¢ associated with SP k follow a stationary and ergodic process with cdf Gy ; and intensity Ap; > 0,
for i = 1,...,nbg. All these n(b; + --- + bx) stationary and ergodic processes are assumed to be mutually
independent.

Notation and assumption below hold for each k = 1,..., K. Let A,(c") = Z:L:b’{ Ak,i be the total request
rate of contents associated with SP k. We assume that there exists a continuously differentiable cdf Fj, such

that \ | - 1
m _ Mi_p () g () 2 Lty o
pk}ﬂ . A;;L) k (nbk) k nb}c nbk k(€k71 )) (3 geee 77'1, ks

where 5,(6"2 € ("*1 i) We assume that F}(z) > 0 a.e. on [0, 1] and allow F/(0) to be infinite.

nbg ? nby

We assume that

Gri(x) = Gi(Apix),
for some CDF G} with mean 1. Last, we assume that lim,,_, A;Cn) = Ay € (0,00).
The following result holds:

Proposition 6.1. Assume that C ~ nfy with By € (0,1), and define T,,(v) = vn/ Zszl A,(Cn). Then,

: LRU _ : TTL
Jim H = lim H(Ta (1)) (34)
K 1
- S / F(2) G (voarb F (x))dz, (35)
k=1 0

where vy is the unique solution in (0,00) of the equation

Kbk

1
S / Gi(varb;  F(x))dz = Bo,
k=1 Br Jo

with ay, := Ag/ Z]K:1 A; and B := S, by.

Proof. Consider a TTL cache with timer T,,(v) = vn/ Zle A,(Cn) where v > 0 is arbitrary. This cache receives
requests for nBy contents.

14



Define By, := Z?zl by for k=1,..., K, with By = 1 by convention. Label the contents from 1 to nBy,
where contents nBy_1 4+ 1,...,nBj belong to SP k.

Lemmas 3.2-3.3, 3.5-3.6 and 3.8-3.9 apply to independent and stationary request processes 1,...,nBg
by replacing n by nBy, G; by Gk i—np,_, and pgn) by Aki/ Zle A,(:L) if nBp_1 +1 <i<nBy. Let us now
focus on Lemmas 3.4 and 3.7.

Define afcn A(" /ZJ A ) and ay, = limy,_ o0 a,g - Ay/ Zj 1 Aj. Mimicking the first steps of the
proof of Lemma 3. 7 gives
TLBK

HOMER) (1)) = B[y, (T, Z PO[Xo = i[P°[Y;(T(v)) = 1 | Xo =]

K nby )\(”)

= ZZ%A@% zwzp% AeiTa(v))
k i=

k=1 i=1 184
nbk
- S 10> FE)G (vl L))
k=1 i=1
— Zak/ F}(2)Gr(vagby ' F(z))dz as n — oo, (36)
0

since for each k = 1,..., K the cdf F}, is continuously differentiable in (0, 1).
Similarly (see Lemma 3.4)

K nby
1 ~
B (y) = —— Gri(Th(v
) = 30D GulT()
K nby
b 1 A
k=1 i=1
K nby
_ b 1 AW p—1 7 ()
B ZBKnkaGk( b Fr(& ))
k=1 =1
K
ZB—/ Gr(vagb "Fi(z))dz asn — oc. (37)
k=1

The second part of Lemma 3.4 also holds (cf. (19)) since F}(z) > 0 a.e. on [0,1] forall k =1,..., K.

The rest of the proof mimics that of Proposition 3.1 with h*(v) and S*(v) given by the r.h.s of (36) and
(37), respectively, and is omitted. O

7 Conclusions

In this paper, we developed an approximation for the aggregate and individual content hit rates of an LRU
cache fir the case that content requests are described by independent stationary and ergodic processes. This
approximation extends one first proposed and studied by Fagin [7] for the independent reference model
and provides the theoretical basis for approximations introduced in [11] for content requests described by
independent renewal processes. We showed that the approximations become exact in the limit as the number
of contents goes to infinity while the ratio of this and the cache size remains constant. Last, we established
the rate of convergence for the approximation as number of contents increases.

Future directions include extension of these results to other cache policies such as FIFO and random and
to networks of caches. In addition, it is desirable to relax independence between different content request
streams.
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